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Pipeline corrosion annually costs the U.S. seven billions of dollars. Ninety

percent of the cost is the capital, operation and maintenance. It is desirable to

optimize this expenditure while ensuring that the integrity of the pipeline, which

represents a valuable asset, is maintained. Regular inspection of pipelines using

a variety of survey techniques is routinely conducted, but interpretation of the

results is confounded by stochastic and systematic errors. The objective of the

present work was to investigate use of inverse model that could interpret survey

data in the context of the physics of the system.

An inverse analysis model was developed which provides a mathematical

framework for interpretation of survey data in the presence of random noise. A

boundary-element forward model was coupled with a weighted nonlinear regres-

sion algorithm to obtain pipe surface properties from two types of survey data:

soil-surface potentials and local values of current flowing through the pipe. The

forward model accounted for the passage of current through a three-dimensional

xii



homogeneous medium and yielded soil surface potentials for given pipe/anode

configurations and pipe coating properties. The number of regressed parameters

was reduced by using a function for coating resistivity that allowed specification

of coating defects. A weighted simulate-annealing nonlinear regression algorithm

facilitated analysis of noisy data. A method to determine the appropriate number

of fitted parameters was developed.

The model was demonstrated for synthetic data generated for a section of a

coated underground pipeline electrically connected to a vertical sacrificial anode.

The success of the regression was sensitive to the relative weighting applied in

the objective function to the respective types of data. A generalized weighted and

scaled objective function was proposed.

xiii



NOTATION

φ Potential and potential distribution, V

ψ Potential and potential distribution refer to the reference electrode, defined

as V− φ, V

ρk Resistance reduction of the coating defect k, Ω·m

σk The half width of the coating defect k, m

~n Normal vector of boundary

c j Concentration of species j, mol/cm3

D j Diffusion coefficient of species j, cm2/s

F Faraday’s constant, 96487C/equiv

i Current density, A/m2

u j Mobility of species j, cm2 ·mol/J · s

V Voltage distribution of pipe steel or anode metal, V

v Bulk velocity, cm/s

xk Center point of the coating defects k, m

z j Charge number of species j

ρ Resistivity of the pipe coating, Ω·m
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CHAPTER 1
INTRODUCTION

In the U.S., there are 779,000 km (484,000 mi) of gas and liquid transmission

pipelines. Seven billion of dollars is spent due to pipeline corrosion every year.

90% of the cost is the capital, operation and maintenance. It is desirable to op-

timize this expenditure while ensuring that the integrity of the pipeline, which

represents a valuable asset, is maintained. Regular inspection of pipelines using

a variety of survey techniques is routinely conducted, but interpretation of the

results is confounded by stochastic and systematic errors.

The goal of this work was to develop a computer program that can be used to

extract the condition of the pipe taking into account a wide variety of field data,

such as potential and line current survey data. In addition, the intention of this

preliminary effort was to establish a proof of concept which can motivate future

development.

The pipeline protection techniques that are used most often are cathodic pro-

tection and coating. The normal use of computer programs for modeling of ca-

thodic protection is to assess whether a pipeline with an assumed coating condi-

tion can be protected by a given cathodic protection design. In this strategy, called

a forward solution, all physical properties of the pipe, anodes, ground beds, and the

soil are assumed, and the corresponding distribution of current and potential on

the pipe is calculated. Over-protected and under-protected sections of the pipeline

can be identified in this way. Such programs can also be used to calculate the po-

tential and the current density at other locations such as at the soil surface or at
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the specified locations where coupons may be buried. This strategy lends itself

well to answering “what if” questions. For example, “what will happen if discrete

coating holidays expose five percent of the pipe surface?”, or “what will happen

if a new pipe is constructed in the right-of-way?”

The forward strategy is not appropriate, however, for the interpretation of field

data to assess whether a given pipe is protected. The concept behind the approach

developed in this work is to solve the inverse problem in which the properties of

the pipe coating are inferred from measurements of the current and the potential

distributions. This approach would allow interpretation of field data in a manner

that would take into account the physical laws that constrain the flow of electrical

current from anode to pipe.

In addition, the development of the inverse model can not proceed alone. Only

when the forward model is well developed can the inverse model be able to inter-

pret multiple kinds of survey data.

The basic concepts of the corrosion, corrosion protection methods, and pipeline

survey methods are presented in Chapter 2.

Verification of published methods for model two-dimensional systems are pre-

sented in Chapter 3. This chapter includes the thin-plate method and the bound-

ary element method to solve the two-dimensional Laplace’s equation. The two-

-dimensional inverse model is also established in this chapter. This work involved

the construction of the objective function, the formalism of regression strategies,

and regression methods analysis.

The development of the forward and the inverse models for two-dimensional

systems provided insights into the methods needed to address the inverse prob-

lem for pipelines. However, the two-dimensional forward model cannot describe

precisely the geometry of the pipeline cathodic protection system. In addition, the
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more sophisticated three-dimensional forward models such as CP3D,1 PROCAT,2

and OKAPPI3 are not appropriate , since they require too much computation work

for the inverse model. A simplified version of a forward is presented in Chapter 4.

Both the forward model and inverse model are applied to soil surface potential sur-

vey data. For the forward part, a three-dimensional boundary element method

with cylindrical elements was developed in this work. The simulated annealing

method was shown to be ideally suitable for the three-dimensional inverse model.

In addition, several strategies were explored to assess the confidence level of the

inverse model results.

The forward model presented in Chapter 4 provided the foundation for an ex-

tended model, presented in Chapter 5, which accounted for the potential drop

along the pipe steel. Both the potential on soil surface and the current density

along the pipeline could be obtained from the forward model. An inverse model

was created to apply these data. A new general form of the objective function

was established by adding different weighting factors for each data point and by

including the number of the data points.

Chapter 6 verifies the general form of the objective function built in Chapter

5. Off-potential on the soil surface was simulated in the forward model. Therefore,

three kinds of data sets, i.e., on-potential, off-potential and current density data,

were used for the inverse model.

Summary of the study and future work are presented in Chapter 7.



CHAPTER 2
PIPELINE CORROSION, PROTECTION AND MEASUREMENTS

2.1 Introduction

The corrosion of metallic structures has significant impact on the U.S. economy

in many fields. In 1975, Battelle-NBS’s benchmark study estimated that the cost

of corrosion was $70 billion per year, 4.2 percent of the nation’s gross national

product (GNP). If the effective and presently available corrosion technology can

be applied, $10 billion of this cost could be avoided. From 1999 to 2001, the Federal

Highway Administration (FHWA) indicated that the total direct cost of corrosion

was about $276 billion per year, 3.1 percent of the U.S. gross domestic product

(GDP). The indirect costs is unpredictable .4

Pipeline-related corrosion costs approximately $7.0 billion annually. There are

528,000 km (328,000 mi) of natural gas transmission pipelines, 119,000 km (74,000

mi) of crude oil transmission pipelines and 132,000 km (82,000 mi) of hazardous

liquid transmission pipelines in the U.S.4

In the past few years, a number of gas and liquid pipeline failures have drawn

people’s attention to the pipeline safety. In order to preserve the asset of the

pipeline and to avoid those failures which may jeopardize public safety, result

in product loss, or cause property and environmental damage, some new regula-

tions were established. Regular pipeline inspections, such as hydrostatic testing,

direct assessment, and in-line inspection (ILI), are required. Furthermore, corro-

sion prediction models need to be developed in order to determine and prioritize

the most effective corrosion preventive strategies.

4
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Development of an understanding of cathodic protection of buried structures

such as pipelines requires an understanding of the electrochemical reactions asso-

ciated with corrosion. This section provides an overview of the principles of corro-

sion, methods for cathodic protection, and the criteria used to assess the effective-

ness of corrosion-prevention strategies. Moreover, the pipeline survey methods

are included.

2.2 Basic Concepts of Corrosion

Corrosion takes place in response to the tendency to reduce the overall free en-

ergy of a system. For example, when metal is in a dilute aerated neutral electrolyte

atmosphere, moisture films, which contain oxygen and water, usually cover the

metal surface. Some atoms in the metal surface tend to give out electrons and be-

come ions in the moisture layer. In this way, they are in a lower energy state in

solution than when they are in the lattice of the solid metal. At the same time the

metal surface builds up a huge excess negative charge. These electrons move out

from the metal and attach themselves to protons (H+ ions) and molecules oxygen

(O2). The process repeats itself on various parts of the surface. Then the metal

dissolves away as ions.5 The primary constituent of pipeline-grade steels is iron.

Therefore the overall corrosion reaction can be written in terms of dissolution of

iron, e.g.,

2Fe + O2 + 2H2O → 2Fe(OH)2 (2-1)

Reaction (2-1) can be considered as the result of two half-cell reactions. One is

Fe → Fe2+ + 2e− (2-2)

This is an oxidation reaction with an increase of oxidation state for iron from 0 to

2+. It is called an anodic reaction. The other is

2H2O + O2 + 4e−→ 4OH− (2-3)
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This reaction is a reduction reaction with a decrease of oxidation state for O2 to

OH−. It is defined to be a cathodic reaction.

The change in free energy associated with reaction (2-1) can be expressed in

terms of a cell potential as

∆G = −nF∆E (2-4)

where n is the number of electrons exchanged in the reaction, F is Faraday’s con-

stant, 96487 coulombs/equivalent,6 and E is the electrochemical potential. Ac-

cording to the Nernst equation, obtained by neglecting both activity coefficients

and liquid-junction potential,7, 8

∆E = ∆E0 − RT
nF

ln(∏(asi
i )) = ∆E0 − RT

nF
ln(∏(csi

i )) (2-5)

where E0 is the equilibrium potential, and ai is the activity of the species i, si is the

stoichiometric coefficient of species i, and ci is the concentration of the species i.

For reaction (2-2), the potential in Nernst equation form is

Ea = E0
Fe2+/Fe −

RT
2F

ln
([

Fe2+]) (2-6)

Likewise, for reaction (2-3), the potential in Nernst equation form is

Ec = E0
O2/OH− −

RT
4F

ln

([
OH−]4

PO2

)
(2-7)

where a means anodic reaction and c refers to the cathodic reaction. To the whole

reaction, where na = 2 and nc = 4,

∆G = 2∆Ga + ∆Gc = −2naFEa − ncFEc = −4F(Ea + Ec) (2-8)

For the two half-cell reactions, Ea and Ec are positive. Hence, the free energy of

the overall reaction must be negative, which means the corrosion reaction occurs

spontaneously.
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2.3 Corrosion Protection

To control the corrosion situations, several methods have been proved effec-

tive, which include coating and cathodic protection.

2.3.1 Coating

Electrically insulating materials can be use to cover the pipe surface and thereby

isolate the pipe metal from contact with the surrounding electrolyte. In this way,

a high electrical resistance in the anode-cathode circuit is added. Theoretically,

since no significant corrosion current flows from the anode to the cathode, no cor-

rosion would occur. Many kinds of materials have been applied as coatings, such

as enamels, tapes, and plastic coating. Recent improvements in pipeline coating

materials will also reduce the risk of a corrosion-related failure. However, a recent

survey of major pipeline companies indicated that about 30% of the primary loss

of the pipeline protection was due to coating deterioration.4 Therefore, coating

alone can not provide full protection for the pipeline. Practically, effective pipeline

corrosion control comprises use of good coatings along with cathodic protection

as a secondary defense.

2.3.2 Cathodic Protection

In 1824, Sir Humphrey Davy successfully protected copper against corrosion

from seawater by using iron anodes. It was the first application of cathodic pro-

tection (CP) and, at that time, it had no theoretical foundation. From that begin-

ning, CP has been applied to marine and underground structures, water storage

tanks, pipelines, oil platform supports, reinforcing steel and many other facilities

exposed to a corrosive environment. By now, the theory of CP is well established.

Natural gas and oil companies have already been using CP for economic, as well

as safety reasons, since the 1930’s. The Pipeline Safety Act of 1972 made the appli-
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Figure 2-1: Polarization curve of the cathodic protection.

cation of CP on pipelines transporting hazardous material mandatory for safety

concerns.

Cathodic protection results from cathodic polarization of a corroding metal

surface to reduce the corrosion rate. In this system, the corrosion potential reduces

the rate of the half-cell reaction (2-2) with an excess of electrons, which drives

the equilibrium from right to left. The excess of electrons also increases the rate

of oxygen reduction and OH− production by reaction (2-3) in a similar manner

during cathodic polarization. Cathodic protection reduces the corrosion rate of a

metallic structure by reducing its corrosion potential, bringing the metal closer to

an immune state, which is represented by the black curve in Figure 2-1.

Two methods are usually used to achieve this goal.6 There include sacrificial

anode and impressed current.

Sacrificial Anode.Sacrificial Anode.Sacrificial Anode. One method to provide CP is to connect a sacrificial metal

(with a higher natural electromotive force) through a metallic conductor or a wire

to the structure intended to be protected (as Figure 2-2). Magnesium is a common

sacrificial or galvanic anode. This type of galvanic cathodic protection relies on the
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natural electrical potential between the two metals to cause the cathodic protection

current to flow. Since the driving voltage is limited to the very small potential

difference existing between the metals, and the current output is relatively low,

this type of cathodic protection is normally associated with very small or very

well coated structures.

Impressed-Current.Impressed-Current.Impressed-Current. The second common method to provide CP involves use of

impressed-current. It relies on an external direct current source such as a rectifier

or battery (as Figure 2-3). An anode material, placed in the electrolyte with the

protected structure, is made more positive than the structure by connecting both

the anode and the structure to the direct current supply. Any conductive materials

can be utilized as an impressed current anode, but since corrosion takes place at

the anode, materials with very low consumption rates are most desirable.
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2.4 Cathodic Protection Criteria

As the cathodic protection is widely used, the reliable criteria need to be devel-

oped to direct the cathodic protection systems to an optimum level. The criteria

are based on the potential differences between the pipeline and its environment.

Two criteria will be introduced in this section,−850mV and 100mV potential crete-

ria.

2.4.1 −850mV Potential Criterion

The criteria for protecting steel pipe, RP-10-69, was established by NACE in

1969. It was revised later in 1972, 1983 and again in 1996. It defines a negative po-

tential at least 850mV with respect to a saturated copper/copper sulfate reference

electrode(CSE) when CP is applied. This criterion is mostly used since the poten-

tial measurements with current applied requires minimum equipment, personnel

and takes less time to obtain in the field survey.

Normally, the desired potential range of the cathodic protection for a pipeline

is between −850mV and −1200mV measured with respect to a Cu/CuSO4 refer-

ence electrode located at the surface of the steel or coating defects.9 If excessive

amounts of cathodic protection are applied, the direct reduction of water becomes

thermodynamically possible, e.g.,

2H2O + 2e−→ H2 + 2OH− (2-9)

Hydrogen is evolved upon the metal, and, at large cathodic over-potentials, a

small fraction of hydrogen can enter the metal, which makes the metal brittle.

This undesirable process is called “hydrogen embrittlement”. If the pipeline has

a coating, the developing hydrogen gas bubble can exert tremendous pressure.

When the pressure is created under the torn coating, a stripping action exposes

the metal and results in rapid deterioration. Obviously, if smaller amounts of CP
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is applied (resulting in potential less negative than−850mV), the structure will not

be fully protected. In addition, the−850mV criterion does not directly address the

polarization. It is valid only when the effect of IR drop has been considered and

eliminated.

2.4.2 100mV Potential Criterion

The 100mV polarization criterion was first proposed by S.P. Ewing in 1951.10

The criterion means that the change in potential polarization to protect pipeline is

always less than 100mV. To utilize this criterion, the IR drop effect at measurement

area needs to be estimated. Normally, coupons are used to get the IR drop values

by measuring the potentials when the coupon is “on” and “off”, and comparing

the two potentials curves to establish the potential differences between the two

curves, which is the IR drop value. Recent research in the UK has shown that the

applied current density could be reduced by 25% after three month of using the

100mV criterion and by 65% after one year, without losing any protection.11

2.5 Pipeline Measurements

Cathodic protection design should be based on actual data. Monitoring meth-

ods are necessary to investigate the corrosive conditions and to evaluate the de-

gree of the applied CP. The techniques used include measurement of potential

along the ground above the pipe, measurement of current flowing through the

pipes, and use of auxiliary electrodes, such as a reference electrode and coupon.

2.5.1 Potential Survey

Construction of a potential survey involves measuring the potential difference

between the pipe and a reference electrode at the ground surface level. The refer-

ence electrode is moved to different locations to sample many positions at ground

level near the pipe. In this way, a mapping of potential is created which can be
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used to identify regions where the pipe is grossly under-protected. The survey

involves use of a voltmeter and a reference electrode which is typically based on

the Cu/CuSO4 reaction. A schematic representation of the survey method is pre-

sented in Figure 2-4.12 Potential survey measures the potentials between buried

pipeline and environment.9 This survey needs an appropriate voltmeter with its

negative terminal connected to the pipeline and the positive terminal connected

to a reference electrode.

The procedure involves moving the reference electrode at 3 to 10 ft intervals

down the full length of the pipe and using the trailing cable to determine distance

and to connect to the pipeline. A vast quantity of data is gathered by a data logger.

From the survey readings, the worst corrosion takes place where the readings are

the highest (less negative value) and little or no corrosion should take place where

the potential is more negative.

For this measurement, the location of the reference electrode (half-cell) is im-

portant.13 The most desirable place is directly above the pipeline. If the reference

half-cell is placed 2 ∼ 3 meters to the side of the pipeline, the measured potential

will be a group of scattered data as the second curve shown in Figure 2-5. In such a

case, it is difficult to make a judgement. To avoid this case, measurements on both

sides of the pipe may be required to make sure that the over the pipe potentials
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Figure 2-5: Pipe-to-soil potential survey method and importance of the half-cell
location.

are taken as close to the pipes as possible.

An instant off-potential (IR-free) survey9, 14 is used to eliminate the potential

drop through the soil in the pipe to soil potential measurement by interrupting the

flow of protective current to the pipeline. This technique can be used to determine

the effectiveness of the cathodic protection system. It is based on the principle that

the IR effect in the potential measurement decays almost instantaneously, while

the pipe-to-soil interface polarization decays relatively slowly, thus allowing the

correct pipe-to-soil potential to be measured free of the IR error.

2.5.2 Line Current Survey

The line current survey technique is used to measure the electrical current flow-

ing on the pipe. If corrosion is taking place on a pipeline, current will flow to the

line at some points and flow out of the line at others. For small local cells, the

current path may be too short to detect. For large cells, the current may follow the

pipe for hundreds or thousands of feet. It is these long line currents that can be

detected in a line current survey.
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Because the pipe itself has some resistance to the flow of electric current, there

will be a voltage drop in the pipe if current is flowing through the pipe steel.

Normally, the voltage drops are very small. Thus the span of the two test points is

often fixed at 100 feet to increase the span resistance.

Knowing the span resistance of the pipe being surveyed, the voltage drops

may be converted to equivalent current by the application of Ohm’s Law:

I(current) =
E(potential)
R(resistance)

(2-10)

The values of current together with the direction of flow then may be plotted

as function of line length.9 From Figure 2-6, it is noted that in one area current

flows from both directions toward a particular point on the line. This point must

be a place of current discharge.

2.5.3 Other Survey Techniques

The airborne cathodic monitoring systems (ACMS)15 detect upset conditions

on the pipelines protected by impressed current. Sensitive and filtered magnetic

field coils are installed on a helicopter, which continuously measure the magnetic

field generated by the ripple from an alternating current source. The principle is

based on

B = (
µ0

2π
)

I
R

(2-11)

where B is the magnetic field generated by the impressed current I, R is the dis-

tance from the center of the pipe to the sensor installed on the helicopter, and the
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constant µ0/2π is the permeability of the medium. Thus, if the magnetic field can

be measured along with the distance, then the current can be calculated.

In addition, use of an insulated coupon is a variation of the instant-off potential

to soil method. The coupon usually is buried close to the protected structures to

have the same characteristic of the chemical environment and electrical field as

those at the structure surface. The exposed coupon surface simulates a coating

defect. Cathodic protection current to the coupon can be interrupted without any

effect on the protected structures. In this way, the difficulties of the instant-off

potential-to-soil method can be eliminated.

2.6 Conclusions

A brief introduction of the corrosion situations was given in this chapter. The

basic concepts of corrosion were explained. The pipeline protection techniques, es-

pecially the cathodic protection technique, have been introduced. In addition, the

commonly used pipeline survey methods, such as potential survey, line current

survey, airborne cathodic monitoring systems and coupons, are also summarized.



CHAPTER 3
APPLICATION OF TWO-DIMENSIONAL FORWARD AND INVERSE MODELS

TO CORROSION

3.1 Introduction

Given the governing equation and the boundary conditions to estimate the po-

tential and current density distribution on the soil surface by solving the govern-

ing equation directly is known as the forward model. In contrast, in an inverse prob-

lem, usually a model or a governing equation and measurements of some vari-

ables are given, such as the potential and current density measurements. Bound-

ary conditions and the rest of the variables may not be known explicitly. The

purpose of the inverse model is to identify the unknown parameters using the in-

formation from the measurements. It is a type of ill-conditioned problem in which

the solution is extremely sensitive to the measured data.

In this chapter, the forward and inverse models applied in the literature are re-

viewed and reproduced. Two methods were studied, the thin plate approximation

method and the boundary element method. The experiences of developing and

evaluating these models are summarized.

16
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3.2 Thin Plate Method

3.2.1 Introduction

Inglese16, 17 solved the inverse problem for two electrode separated by a small

gap, a, as following:

52φ =0 in Ω;

φ(x) = φ0(x) x ∈ [0,1], y = 0;

φn(x) + γ(x)φ(x) = f (x) x ∈ [0,1] , y = a;

φn(0, y) = φn(1, y) = 0 y ∈ [0, a]

(3-1)

where γ is the corrosion coefficient, which represents the corrosion rate, φ is the

potential, and φn is the outward normal flux and a is the thickness of the do-

main. The goal was to find γ from the potential φ0 on the accessible boundary

x ∈ [0,1], y = 0.

The author introduced the thin plate approximation (TPA) method. The idea

is to perform an expansion of the solution γ in terms of powers of the thickness of

the domain Ω. Owing to the assumption that the thickness a is much smaller than

1 (a � 1), higher order terms of the expansion can be ignored. Inglese deduced

a formula of γ as function of φxx(x,0), which is the second derivative of φ with

respect to x.

γTPA(x) =
φxx(x,0) + φ0(x)

φ(x,0)
(3-2)

In order to prove the accuracy of equation (3-2), the direct problem was solved for

a prescribed corrosion rate give by

γ(x) = exp(−100(x− 0.25)2) (3-3)

First of all, for the forward part, φ(x,0) is calculated according to the given γ(x).

After that, φxx, φ0 can be obtained without problems. For the inverse part, the
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corrosion rate γ was obtained from equation (3-2) and it can be compared with the

value of γ(x) from equation (3-3).

3.2.2 Evaluation Process

The domain of Ω in x direction is [0,1] and in y direction is [0, a]. To simplify

the problem, the y direction is normalized to [0,1]. Thus, the decomposed form of

equations (3-1) is: 

a2φxx + φyy = 0 in Ω;

φx(0, y) = 0 ;

φx(1, y) = 0 ;

φy(x,0) = −a2φ̃ ;

φy(x,1) + a2γ̃(x)φ(x,1) = 0 ;

aγ̃(x) = exp[−100(x− 0.25)2] .

(3-4)

To solve equation (3-4), the Laplace’s equation with Robin boundary condi-

tions, two methods were tested. One was the separation of variables method

and the other was the finite difference method. However, the separation variable

method failed for this kind of problem because a contradiction occurs between the

result and boundary condition φy(x,0) = −a2 6= 0.

To apply the finite difference method as shown in Figure 3-1, we set

φi, j
∼= φ(xi, y j)

xi = ih

y j = jh

∆x = ∆y

(3-5)
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Figure 3-1: Finite difference method.

Therefore, 

φx,x = 1
∆x2 (φi+1, j − 2φi, j + φi−1, j)

φy,y = 1
∆y2 (φi, j−1 − 2φi, j + φi, j+1)

φx(1, y) = φ−1, j − φ1, j

φy(x,0) = φi,1 − φi,−1

(3-6)

Equation (3-4) becomes:

φi, j−1 + a2φi+1, j − 2(a2 + 1)φi, j + a2φi−1, j + φi, j+1 = 0 ;

φ−1, j − φ1, j = 0 j = 0,1, · · ·N;

φN+1, j − φN−1, j = 0 j = 0,1, · · ·N;

φi,1 − φi,−1 = −2ha2φ̃ i = 0,1, · · ·N;

1
2h [−φi,N−1 + φi,N+1] = −a2γ̃(ih)φ(i,N) = −aγ(ih)φi,N i = 0,1, · · ·N;

aγ̃(x) = exp[−100(x− 0.25)2] .

(3-7)

the solution to equation (3-7) yields φx,x(x,0), φ(x) and φ(x,0). Due to the normal-

ization in y direction, correspondingly, equation (3-2) will be,

γ ∼=
aφxx(x,0) + φ(x)

φ(x,0)
(3-8)

The results are shown in Figure 3-2. Where the solid curve represents γ(x) =
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exp[−100(x− 0.25)2] and the points represent γ(x) calculated from the φ and its

derivatives according to equation (3-8).

3.2.3 Summary

This method is only useful for two-dimension problem of a thin strip and for

three-dimension problem of a thin plate since the instability increases dramatically

with thickness a. Therefore, this method is inapplicable to the buried underground

pipeline under cathodic protection system. In addition, the corrosion parameter

γ provides an inadequate description of the corrosion problem. These limitations

show that TPA method is not suitable for this application.

3.3 Two-Dimensional Boundary Element Method

3.3.1 Introduction

Aoki et al.,18, 19 solved a two-dimensional inverse problem. The nonlinear rela-

tionship between the potential and current density was assumed to be known on

the boundary of cathode as equation (3-9) and anode as equation (3-10).

q = q0c{exp
(
φc − φ
βc

)
− exp

(
φc − φ
−αc

)
} (3-9)



21

q = q0a{exp
(
φa − φ
βa

)
− exp

(
φa − φ
−αa

)
} (3-10)

Both the φ-potential and q-current density were unknown. Aoki applied a Newton-

Raphson iterative procedure and used singular value decomposition (SVD) method

to get φ and q. Where q0a, q0c, φc, φa, βa, βc, αa and αc are parameters. Except for

the parameter to represents the connecting position of two electrodes, four param-

eters are used for each electrode. Thus, these parameters need to be fitted in the

inverse process.

Kenji and Aoki20, 21 simplified equations (3-9) and (3-10) by using an inverse

hyperbolic sine function. The polarization curves for anode and cathode turn out

to be,

f (q) = α1 sinh−1 q + β1 (3-11)

f (q) = α2 sinh−1 q + β2 (3-12)

where α1, β1, α2, and β2 are the parameters. The number of parameters was re-

duced a factor of 2. The authors used a conjugate gradient method to minimize

the objective function (3-13)

g(αi, βi, x0) =
k

∑
j=1

(φ̄ j − φ j)2 (i = 1,2) (3-13)

where φ̄ j and φ j represent measured potential and calculated potential respec-

tively. x0 is the connecting point of two electrodes. However, the results of the fit-

ted parameters and their standard deviations were not given. In order to improve

the accuracy of the results, the authors checked the eigen values of the Hessian

matrix of the objective function at the convergence point and found that three of

the five eigen values were approaching zero. In other words, the five parameters

of the objective function actually occupied about a two-dimensional sub-domain
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Figure 3-3: Schematic representation of the two-dimensional problem.

instead of a five-dimensional domain. This is the reason that the results cannot be

close to the exact solutions and why it is difficult to give the accuracy of the param-

eters. In addition, an a priori technique was used in their work. A priori means the

probable values of some parameters that need to be estimated are known. In such

cases, one may want to perform a fit that takes this advance information properly

into account, neither completely freezing a parameter at a predetermined value

nor completely leaving it to be determined by the data set.

3.3.2 Evaluation Process

The procedure of evaluating the inverse model described by the literature took

place in two stages. At the first stage, a forward model for the two-dimensional

system was created, which was similar to the work of Aoki et al. ’s.18, 20 Based on

the forward model, the second stage involved testing the regression approaches

and comparing them.

3.3.3 Two-Dimensional Problem

The two-dimensional problem studied here is in a rectangular domain as shown

in Figure 3-3, which is by described Aoki et al. .18, 20 The lower horizontal bound-

ary consists of a cathode and an anode. The cathode may be considered to play the

role of the pipeline, and the anode plays the role of a sacrificial anode. The upper
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Figure 3-4: Reproducing results for the two-dimensional forward model: a) Poten-
tials at the boundary of domain; b) Current density along the electrode surface.

horizontal boundary can be considered as the soil surface. Neither the potential φ

nor current density q are known on the electrode boundary, but the nonlinear re-

lationship between them is known. The nonlinear relationship between potential

φ and current density q is the polarization curve of the electrodes, which are given

as equations (3-9) and (3-10). The parameters are q0c = q0a = 1Am−2, φc = 0.845V,

φa =−0.985V, αc = 0.001V, αa = 0.025V, βc = 0.05V and βa = 0.05V. The parame-

ters α, β and q0 are polarization parameters to be obtained by the inverse technique

described in section 3.4. The subscripts c and a represent the cathode and anode,

respectively.

Potential within the interior of the system is governed by Laplace’s equation.

We followed Aoki’s method, applying a Newton-Raphson iterative procedure for

the forward problem. The potential and current density distributions from the for-

ward model are shown in Figure 3-4. As seen in Figure 3.4(a), Aokiet al. showed

that the variation of potential on the upper surface is much less than that seen on

the electrode boundary.18, 20 It is evident that a large distance between the elec-

trodes and the soil surface will blur the measurement data on the soil surface.
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Figure 3-5: Schematic representation of the two-dimensional inverse model.

3.4 Inverse Analysis in Two Dimensions

The purpose of this portion of effort was to apply an inverse boundary ele-

ment method to develop an efficient approach for identification of the polariza-

tion curve in a cathodic protection system. Different regression methods will be

explored in this section.

3.4.1 Objective Function

An objective function, which describes the difference between the measured

potential and calculated potential on the soil surface, was constructed as following

g(αi, βi, x0) =
k

∑
j=1

(φ̄ j − φ j)2 (i = 1,2) (3-14)

where φ̄ j and φ j represent measured and calculated soil surface potentials, respec-

tively. For the two-dimensional inverse analysis, Aoki et al.18, 20 described it in

Figure 3-5. The parameters of the polarization curves were not known. What was

known is the measured potential on the soil surface. The goal of the inverse analy-

sis is to identify the parameters of the polarization curves that would provide the

minimum value for the objective function.
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3.4.2 Regression Method Analysis

We tested several regression methods, including the Levenberg-Marquart, conju-

gate gradient and quasi-Newton methods. These methods, distinguished by the need

to evaluate both the function value and the function gradient, were rejected for the

pipeline inverse model. For the present problem, evaluation of the function gradi-

ent can only use finite-difference method, which requires extra calculations of the

forward model. It inevitably adds significant work to the computation. Besides,

the most serious deficiency was that these methods were found to be extremely

sensitive to the value of an initial guess and to have a tendency to find local rather

than global minima. The downhill simplex method requires evaluation only of the

objective function itself, i.e., the derivative of the objective function is not needed.

As the results of this work, it is shown that the downhill simplex method is the

most robust one, independent of the measurement position and the initial guesses.

It was successful for our two-dimensional inverse analysis and will be further de-

veloped for the three-dimensional problems.

3.4.3 Downhill Simplex Method

The downhill simplex method was first created by Nelder and Mead.22 Only

the objective function needs to be evaluated, no such need to its derivative. An

objective function, which has N number of adjustable parameters, is evaluated for

N + 1 points. The N + 1 points are generated by defining a starting point P0, then

other points are obtained by using

Pi = P0 + λiei (3-15)

where ei are N unit vectors, λi are constants set according to the problem’s charac-

teristic length scale at different directions. The geometrical figure including N + 1

vertices, all the interconnecting line segments and polygonal faces is called a ‘sim-
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plex’. According to the function values on N + 1 points, by using steps, such as re-

flection, reflection and expansion, contraction and multiple contraction, as shown

in Figure 3-6, one can find a new point to continue the function evaluation until

the objective function encounters a minimum.

3.4.4 Accuracy of the Parameters

One of the important issues of the regression process is how to determine the

accuracy of the parameters. For a χ2 merit function

χ2(ak) =
N

∑
i=1

[
ŷi − yi

σi

]2

(3-16)

ak represents the parameters. ŷi and yi are the model and the measurement values

respectively. δi is the standard deviation for the measurement data point yi. In this

section, we are going to discuss the uncertainties of the parameters ak.
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The variance and the covariance of parameter ak are given as

σ2
ak,a j

=
N

∑
i

(σ2
i
∂a j

∂ ŷi

∂ak

∂ ŷi
), j, k = 1,2, . . . ,M (3-17)

If j = k,

σ2
a j

=
N

∑
i
σ2

i (
∂a j

∂ ŷi
)2 (3-18)

σ2
a jak

is a M× M matrix. We can set

σ2
a jak

= [C] (3-19)

The gradient of χ2 with respect to the parameters ak will be zero at the χ2 mini-

mum. Thus, from equation (3-16), we get

∂χ2

∂ak
= −2

N

∑
i=1

[
ŷi − yi

]
σ2

i

(
∂ ŷi

∂ak

)
k = 1,2, . . . ,M. (3-20)

Taking an additional partial derivative gives

∂2χ2

∂a j∂ak
= 2

N

∑
i=1

[
∂ ŷi

∂a j

∂ ŷi

∂ak
− (ŷi − yi)

∂2 ŷi

∂a j∂ak

]
1
σ2

i
(3-21)

Note that the components of equation (3-21) depend both on the first derivatives

and on the second derivatives of the basis functions with respect to their param-

eters. Inclusion of the second derivative term can in fact be destabilizing if the

model fits badly. From this point on, we always define α jk as

α jk =
1
2
∂2χ2

∂a j∂ak
=

N

∑
i=1

[
∂ ŷi

∂a j

∂ ŷi

ak

]
1
σ2

i
(3-22)

Comparing equation (3-19) with equation (3-22), we get

[C] = [α]−1 (3-23)

The diagonal elements of the matrix [α]−1 are the uncertainties of the parameters.

These methods will be used to estimate the uncertainties of the parameters in the

next section.
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Table 3.1: Regression result for two-dimensional inverse model described by Aoki
et al. The underlined symbols represent the parameters estimated by regression.

Initial Parameters Final Parameters g Standard Deviations
α1 = −0.2, α1 = −0.1, 1.32603× 10−12 σα1 = 1.594× 10−6

β1 = 0.7, β1 = 0.7,
α2 = −1.0, α2 = −1.0,
β2 = 0.0, β2 = 0.0,

xconnection = 0.5. xconnection = 0.5.
α1 = −0.1, α1 = −0.1, 1.32603× 10−12 σβ1 = 1.46× 10−6

β1 = 0.1, β1 = 0.7,
α2 = −1.0, α2 = −1.0,
β2 = 0.0, β2 = 0.0,

xconnection = 0.5. xconnection = 0.5.
α1 = −0.2, α1 = −0.1576, 7.25157× 10−4 σα1 = 3.16× 10+1

β1 = 0.7, β1 = 0.7,
α2 = −1.3, α2 = −1.2112, σα2 = 1.13× 10+3

β2 = 0.0, β2 = 0.0,
xconnection = 0.5. xconnection = 0.5.
α1 = −0.2, α1 = −0.164, 7.35439× 10−3 σα1 = 1.18× 10+2

β1 = 0.5, β1 = 0.6632, σβ1 = 3.16× 10+1

α2 = −1.3, α2 = −1.0708, σα2 = 1.26× 10+3

β2 = 0.1, β2 = 0.497, σβ2 = 1.0× 10+2

xconnection = 0.5. xconnection = 0.5. σxconnection = 4.35× 10+1

3.4.5 Regression Results

The results of the regression for the two-dimensional problem are presented in

Table 3.1. The underlined symbols represent the parameters estimated by regres-

sion. It is clear that the number of independent parameters that can be obtained

in a statistically significant manner is limited. When four parameters are fixed,

the fifth could be obtained with high confidence. When two and more parameters

were determined from the regression, the confidence interval became too large.

This analysis provided two important insights. The first was that the number

of statistically significant parameters that could be obtained by regression was

limited by the amount and quality of the data. The second was that the weighted

regression procedure proposed in this work could provide an indication of when

the number of statistically significant parameters was exceeded.
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3.5 Conclusions

Different regression techniques, such as conjugate gradient method, quesi-Newton

method and downhill simplex method, were compared. As the results of the stud-

ies in this chapter, the downhill simplex approach was shown to be the most robust

method and it is independent of the initial guesses. It will be applied further for

the three-dimension problem.

However, the results from all the regression procedures were insufficiently re-

liable. One possible reason may be the insufficiency of data, since only one series

of potential data has been used. Future work will incorporate not only the on-

potential data, but also the off-potential and the current survey data. The complex

objective function to be minimized will be:

χ2(a1, . . . , am) =

[
n1

∑
i=1

(ŷi − yi)2

σ2
i

]
on−potential

+

[
n2

∑
i=1

(ŷi − yi)2

σ2
i

]
o f f−potential

+

[
n3

∑
i=1

(ŷi − yi)2

σ2
i

]
current

(3-24)

where a1,. . . ,am are the parameters to be fitted, σi is the standard deviation of a

measured value, and n1, n2, n3 are the number of data points.



CHAPTER 4
DEVELOPMENT OF THREE-DIMENSIONAL FORWARD AND INVERSE

MODELS FOR PIPELINE WITH POTENTIAL SURVEY DATA ONLY

4.1 Introduction

From the previous chapter, it is known that pipeline surveys are usually used to

determine the adequacy of cathodic protection (CP) for the underground pipelines.

However, these survey data may contain significant scatter or noise. The limita-

tions of measurement techniques, instruments, and analysis methods make the

data interpretation difficult. Therefore, the objective of this chapter is to develop a

mathematical framework for interpretation of survey data in the presence of ran-

dom noise.

There are two types of approaches used in modeling cathodic protection. A

forward model yields the distribution of current and potential for a given system

geometry and for given physical properties of pipes, anodes, ground beds, and

soil. An inverse model yields system properties such as pipe coating resistivity

given values for current and/or potential distributions.

The history of the development of analytic and numerical forward models for

cathodic protection of pipelines encompasses more than fifty years. Waber et al.23

derived an analytic model in the form of a Fourier series, which can only be used

for simple geometries and boundary conditions. Pierson et al.24 developed a se-

ries of analytic equations to account for attenuation for coated pipelines which

extend the usual resistance formulas such as Dwight’s equation.9−26 Doig et al.27

utilized the finite difference method to simulate the galvanic corrosion with com-

30
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plex polarization. In the 1980’s, Brebbia28 developed the revolutionary boundary

element method (BEM). The BEM has since been applied in many engineering

fields because it is accurate, effective for both infinite and semi-infinite domains,

and computationally efficient.28, 29 Aoki et al.18, 20, 30 applied the BEM to both two-

-dimensional and three-dimensional systems. Telles et al.31 improved the BEM

for CP simulation by introducing the current density self-equilibrium limitation,

which eliminated the need to discretize a boundary located at infinity. Brichau

and Deconinck3, 32 coupled the internal and external Laplace equations which were

solved by coupled BEM and finite element methods (FEM). Kennelley et al.33, 34

used FEM to model the influence on CP protection of discrete coating holidays

that exposed bare steel. The concept of discrete holidays was extended to three

dimensions using BEM by Orazem et al.35−37 Riemer and Orazem1, 38−40 combined

the advantages of the previous work in their development of the CP3D model. A

distinguishing point of this software is that it can account for localized defects and

yet is suitable for long pipelines and pipe networks. Some commercial programs

are available such as PROCAT2 and OKAPPI.3 All the simulations described above

solve Laplace’s equation coupled with linear or nonlinear boundary conditions to

obtain the potential distribution and current distribution. The analytic models can

only be used for two-dimensional domains with simple geometries. The numer-

ical models can be applied to almost any complex domain; thus, they are widely

used. While many numerical models are based on the FEM, the newer generation

of models use either BEM or a combination of BEM and FEM.

The use of computer programs to interpret pipe survey data in terms of the un-

known condition of the pipe requires solution of the inverse problem, in which the

properties of the pipe coating are inferred from measurements of current and po-

tential distributions. This approach allows interpretation of field data in a manner
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that would take into account the physical laws that constrain the flow of elec-

trical current from anode to pipe. Aoki et al. has made significant contributions

to the application of inverse model to CP. Their studies included simplifying the

unknown parameters in the polarization curves, changing the form of objective

function, and trying different kinds of minimization methods. To minimize the ob-

jective function, they have employed a variety of techniques conjugate gradient,

fuzzy a priori,20 and genetic algorithm methods.41, 42 Their work involves mod-

eling protection of pipes, ships, and reinforcing steel in concrete structures.41−42

Wrobel and Miltiadou describe the application of genetic algorithms to inverse

problems, including identification of coating holidays.44, 45 Aoki et al. used an in-

verse BEM analysis to eliminate Ohmic error from measurement of polarization

curves.46

The concept behind use of the inverse model for cathodic protection is related to

the approach used to reconstruct the distribution of electrical resistance for med-

ical, chemical process, and geological applications. For medical applications, the

readings from an array of sensing electrodes are used to construct an image as-

sociated with conductivity variations within a body.47−50 The technique is called

electrical-impedance tomography.51, 52 Electrical-impedance tomography has also

been used to determine the interfacial area for two-phase gas-liquid and particu-

late flows in chemical processes53−56 and, through identifying the distribution of

electrical resistivity, to identify composition distributions in laboratory and plant-

scale process equipment.57 Electrical-resistivity tomography is used to interpret

cross-borehole resistivity measurements to obtain electrical resistivity distribu-

tions of geological formations.58−64Electrical resistivity is an important petroleum

reservoir parameter because it is sensitive to porosity, type of pore fluid, and de-

gree of saturation. While use of neural networks have been suggested,65, 66 most
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Figure 4-1: Schematic illustration of the pipe segment and anode used to test the
inverse model.

approaches are based on non-linear regression.

In this chapter, the construction of the forward model, inverse model for CP

system, theoretical basis and development of the three-dimensional BEM will be

introduced.

4.2 Construction of the Forward Model

4.2.1 Cathodic Protection System

For the three-dimensional problem, a pipe was considered to be buried hori-

zontally under the ground surface. A cylindrical vertical anode was placed a dis-

tance away from the pipe. The underground region was considered to be bounded

by the soil surface and to extend infinitely in the other directions in the soil. The

anode was connected to the pipe with a wire, as shown in Figure 4-1. The pipe

was placed horizontally 1.0 m (4.75 feet) below the soil surface and had a diame-

ter of 0.457 m (1.5 feet). The anode was placed in a vertical position and a distance

away from the center of the pipe. The anode diameter was 0.152 m and the length

was 1.0 m (3.28 feet). The soil resistivity was 100 Ωm. A 0.5 mm-thick coating was

assumed to cover the side area of the pipe, with the exception that the two ends

were assumed to be insulated. The potential of the pipe steel was assumed to
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be uniform. This assumption, valid for the short pipe segments considered in this

preliminary work, will need to be extended in future work. The forward model was

used to calculate the potential that one might measure with a voltmeter connected

to the pipeline and a Cu/CuSO4 reference electrode (CSE).

4.2.2 Governing Equation and Boundary Conditions

The current density in a dilute electrolyte solution can be described as8

i = −F2∇φ∑
j

z2
j u jc j − F∑

j
z jD j∇c j + Fv∑

j
z jc j (4-1)

where i is the current density vector, v is the bulk velocity, F is Faraday’s constant,

z j is the charge for species j, u j is the mobility for species j, c j is the concentration

for species j, and D j is the diffusion coefficient for species j. In this study, only the

electrode surfaces, such as pipe walls are considered. Since the velocity v is small

in the soil, the convection can be neglected. In addition, concentration gradients

only have a significant effect in the diffusion layer, which is close to the struc-

ture and is relatively thin comparing with the characteristic length of the system.

Thus, concentration gradients generally are neglected in large-scale simulations.

Therefore, the current density in the soil is

i = −F2∇φ∑
j

z2
j u jc j (4-2)

The conductivity of the electrolyte is defined to be

κ = F2∇∑
j

z2
j u jc j (4-3)

The current density equation can be reduced to

i = −κ∇φ (4-4)

which is called Ohms Law. The conservation of charge in the bulk yields

∇ · i = 0 (4-5)
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Substituting equation(4-4) into equation (4-5)

∇ · (−κ∇φ) = 0 (4-6)

Thus

κ∇2φ = 0 (4-7)

Equation (4-7) is known as Laplace’s equation for the electrochemical potential φ.

The boundary conditions are shown in Figure 4-1. The corrosion potential of pipe

steel is −0.6V. The sacrificial anode has a given potential of −1.2V.

4.2.3 Theoretical development

As mentioned previously, the forward model has to be efficient in terms of com-

puter calculations due to its coupling with the inverse model. To achieve this goal,

a linear relation, considering the coating covered pipe with various resistivity, is

proposed in this section.

Linear Boundary Conditions

The polarization curve, which describes the relationship between the potential

and the current density, indicates the corrosion condition on the pipe surface and

is normally used as the boundary condition. It is not an easy task to determine the

polarization curve since it strongly depends on a number of phenomena. Further

more, the polarization curve can also be a function of time and history. The polar-

ization curve used by Riemer and Orazem1, 39 had eight parameters. Amaya and

Aoki et al.20, 21 simplified the polarization curve from the Butler-Volmer equation

and reduced the parameters to four for one cathode and one anode system. How-

ever, if the corrosion condition along the pipe is not uniform, more polarization

curves are needed. In present study, the polarization curve was substituted by

a linear relationship between the potential drop and the current density over the

pipe coating for three-dimensional simulation, shown in Figure 4-2.
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Figure 4-2: Linear relationship between potential drop and current density over
the pipe coating.

i = − 1
ρcδ

[(V− φouter)− (V− φinner)] (4-8)

where i is the current density along the pipe radical direction, ρc is the unit resis-

tance of coating material, δ is the coating thickness, V is the potential of the pipe

steel, assumed to be constant, φ is the potential in the electrolyte, V − φouter is the

potential of the pipe referred to a reference electrode placed at the outside coating

surface, and V− φinner is the potential of the pipe with respect to a reference elec-

trode placed at the inside coating surface. Under the assumption that the current

densities through the coating and those at the pipe steel surface are equal,

i = −[(V− φouter)− (V− φinner)]
Rc

= −[(V− φinner)− (V− φcorr)]
Rkinetic

(4-9)

where Rc and Rkinetic represent the coating and polarization resistance, respec-

tively, and V− φcorr is the corrosion potential. As Rc � Rkinetic,

(V− φinner)− (V− φcorr)] ≈ 0 (4-10)

Therefore,

i = − 1
ρcδ

[(V− φouter)− (V− φcorr)] (4-11)

Equation (4-11) provides a linear relationship between the potential and the cur-

rent density. This linear boundary condition, replaces the nonlinear polarization



37

curve and greatly simplifies the calculations of forward model.

Description of the Pipe Surface

According to the coating-covered special feature of pipe, a coating resistance

approximation was made. It allows the coating resistance to vary along the length

of the pipe according to:

ρ = ρ0 + ∑
k
ρke−(x−xk)2/2σ2

k (4-12)

wherein ρ0 refers to the average good coating resistance of the pipe, ρk represents

the resistance reduction associated with coating defect k, xk is the center point of

the coating defect, and σk is the half width of the defect region. Equation (4-12)

shows that if the coating position is close to a defect center xk, i.e., falling into the

defect region 2σk, the coating resistance decay is evident; whereas, if the coating

position is far away from the defect center, the coating resistance decay is insignif-

icant. The present approach has two significant advantages over assigning a resis-

tivity to each cylindrical element. For instance, use of equation (4-12) to represent

two coating defects on a 150 feet pipeline is shown in Figure 4-3. If the pipeline

is discretized with a 10 foot space interval, only seven parameters are required

ρ0,ρ1,x1,σ1,ρ2,x2 and σ2 for the equation (4-12), as compared to 15 parameters are

needed for an element-by-element coating resistivity estimation. If the pipeline is

discretized with a 5 foot spacing, still these seven parameters are required, while

it is now thirty parameters for the regular method. Likewise, if the space interval

is decreased to be so small that it makes the resistivity value continuous, no more

than these seven parameters are enough to describe resistivity along the whole

pipeline. The degree of freedom for the problem is increased dramatically, and

correspondingly, the required computational time is reduced.
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Figure 4-3: Schematic illustration of the pipe surface resistivity model.

4.3 Three-Dimensional Boundary Element Method

The theory for application of the boundary element method to the three-dimensional

half-infinity multi-connected domain is introduced in this section. The linear cylin-

drical elements are adopted to discretize the pipe/anode surface in present study.

4.3.1 Infinity Domain

In the two-dimensional system, a closed rectangular domain was investigated.

This kind of system, called an interior problem, is shown in Figure 4-4 and where

S is the boundary of the volume V, the shaded area is the interior domain. ~n is

the normal vector of the boundary S at that point. According to Brebbia et al. ,29

the basic equation of boundary element method corresponding to the Laplace’s

equation is

c(xs)u(xs) =
∫

s
[q(y)u∗(xs, y)− q∗(xs, y)u(y)]dS(y) (4-13)

Equation (4-13) is called boundary integral equation. Wherein xs is the source

point, y is the field point. u∗(xs, y) and q∗(xs, y) are the fundamental solutions

of Green’s function for potential and flux. u and q are the general solution of

Laplace’s function for potential and flux. c(xs) depends on the position of the
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Figure 4-4: Interior problem.

source point xs, as shown in equation (4-14),

c(xs) =


xs /∈ V, c(xs) = 0

xs ∈ V, c(xs) = 1

xs ∈ S, c(xs) = ω
4π

(4-14)

ω is the solid angle subtended by V at xs, which is on the boundary S. For the

three-dimensional system, the studied domain is outside the pipeline and the an-

ode surface, and is between the soil at infinity. It is a multi-connected region of an

interior problem, as shown in Figure 4-5. The boundary S can be considered to be

the boundary of the pipeline or the anode. The boundary SR can be the boundary

at infinity. When R →∞, equation (4-13) is also valid for this case. For xs ∈ S,

c(xs)u(xs) =
∫

s
[q(y)u∗(xs, y)− q∗(xs, y)u(y)]dS(y)

+ lim
R→∞

∫
SR

[q(y)u∗(xs, y)− q∗(xs, y)u(y)]dS(y) (4-15)

The fundamental solutions to the Green’s function for three-dimensional problem

at the boundary SR are

u∗(xs, y) =
1

4πR

q∗(xs, y) =
∂u∗(xs, y)

∂n
= − 1

4πR2 (4-16)
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And the general solution to the problem over the infinity boundary SR are

u(y) = Ku∗(xs, y) + u∞ ∼ O(
1
R

)

q(y) =
−K

4πR2 ∼ O(
1

R2 ) (4-17)

where K and u∞ are two undetermined constants at the infinity boundary. K is the

sum of source term (e.g., electric charge) distributed over S,

K =
∫

S
q(y)dS(y) ∼ O(1) (4-18)

Equation (4-16) and (4-17) are introduced into equation (4-15). Since

limR→∞
∫

SR
[q(y)u∗(xs, y)− q∗(xs, y)u(y)]dS(y)

= limR→∞
∫

SR
[q(y)u∗(xs, y)− q∗(xs, y)(Ku∗(xs, y) + u∞)]dS(y)

= limR→∞
∫

SR
{u∗(xs, y)[q(y)− Kq∗(xs, y)]− q∗(xs, y)u∞}dS(y) (4-19)

where the first term inside the bracket is

limR→∞
∫

SR
u∗(xs, y)[q(y)− Kq∗(xs, y)]dS(y)

= limR→∞
∫

SR

1
4πR [O( 1

R2 )− (− K
4πR2 )]dS(y)

∼ limR→∞[O( 1
R3 ) · 4πR2] → 0 (4-20)
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and the second term is

lim
R→∞

∫
SR

q∗(xs, y)u∞dS(y) = lim
R→∞

u∞(− 1
4πR2 · 4πR2)

= −u∞ (4-21)

Then equation (4-15) becomes,

c(xs)u(xs) +
∫

s
[−q(y)u∗(xs, y) + q∗(xs, y)u(y)]dS(y) = u∞ (4-22)

Equation (4-22) indicates that the value of K has no important effect on the bound-

ary S. To satisfy the pipeline and the anode CP system, the unit outward normal n

on S in Figure 4-5 needs to change its direction. Correspondingly, equation (4-22)

will be

c(xs)u(xs) +
∫

s
{−q(y)u∗(xs, y) + [−q∗(xs, y)u(y)]}+ dS(y) = u∞ (4-23)

In addition, according to the physical condition, there is no current flow out of the

soil surface, therefore, K = 0 is given as boundary condition and u∞ is unknown.

4.3.2 Half-Infinity Domain

The half-infinity domain is obtained by using a plane to split an infinite do-

main. Two half spaces lie on each side of the plane. Either the Dirichlet or Neu-

mann boundary condition is satisfied at the plane. For the buried pipelines sys-

tem, the underground soil domain is the half-space being studied. Since there is

no net current flowing out of the soil into the air, the Neumann boundary condi-

tion vanishes at the soil surface. The Green’s function can satisfy that condition by

using the reflection properties.29−70 If we set Ω− to be the region x≤ 0, P ∈Ω− and

let P′(−x, y, z) be the mirror image of a given source point P(x, y, z) with respect

to the plane x = 0 (or ∂Ω), P′ becomes the reflected source point, and r = |Q− P|,

r′ = |Q− P′| ( see Figure 4-6). Q is the field point. Consequently, half-space fun-

damental solutions satisfying a homogeneous Neumann condition HN(P,Q) = 0
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on ∂Ω can be deduced by adequate superposition of free-space fundamental solu-

tions for sources at P and P′, that is

∂GN(P,Q)
∂Q

· n(Q) = HN(P,Q) = 0 (4-24)

Here, the superscript N is for the Newmann boundary conditions; n(Q) is the

normal vector at point Q. Assuming two full free-space problems with ∀Q ∈ Ω−,

equation (4-24) can be written as

∂G−(P,Q)
∂Q

· n(Qr) = H−(P,Q) = (− 1
4πr2 ) · n(Qr) (4-25)

∂G+(P′,Q)
∂Q

· n(Qr′) = H+(P′,Q) = (− 1
4πr′2

) · n(Qr′) (4-26)

From Figure 4-7, the normal vectors n(Qr) and n(Qr′) of ~r and ~r′ at point Q are

n(Qr) = 1 (4-27)

n(Qr′) = −1 (4-28)

Meanwhile, according to the Neumann boundary condition given in equation (4-

24)

HN(P,Q) = H−(P,Q) + H+(P′,Q) = 0 (4-29)

When Q ∈ ∂Ω, r = r′, the fundamental solution in two full free-space have to be

G−(P,Q) =
1

4πr
(4-30)

G+(P′,Q) =
1

4πr′
(4-31)

to satisfy equation (4-24), indicating that the two source intensities P and P′ are

equal and have the same sign. Therefore, the final form of the Green’s function is

GN(P,Q) = G−(P,Q) + G+(P′,Q) =
1

4π

(
1
r

+
1
r′

)
(4-32)
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Figure 4-8: Pipe discretision and collocation points.

4.3.3 Boundary Discretization

Rectangular and triangular elements are commonly used in the literature for

BEM meshes on the surface of a three-dimensional object. Aoki et al.71 used 352

constant triangular elements to discretize the side area of a 160mm long, 155mm-

diameter cylinder. Riemer and Orazem’s model CP3D may involve thousands of

elements to discretize a pipeline with discrete coating holidays. This level of de-

tail is appropriate for a forward model, but it is inappropriate for an inverse model

where the amount of data may be insufficient to extract a high level of details con-

cerning the pipe condition. Besides, the model needs to be calculated not once,

but thousands of times. To decrease the number of elements, a series of linear

cylindrical elements were used to take advantage of the cylindrical shape of the

pipe and the anode. The source points (also called collocation points) were local-

ized on the cylindrical side area. At the two ends of the object–pipe/anode, the

two discs were set as two constant circle elements. The center of each circle was a

collocation point (see Figure 4-8). For the cylindrical elements, there was no varia-

tion along the circumference. The variation was only along the axial direction72−75

such that the collocation points could be chosen at the reference line, which was

on the top of the cylinder. The elements on the side area of the cylinder were from

S0 to (Snel−1), and, at the two ends of the pipe, were the two circle areas Snel and

S(nel+1). The collocation points on the side area of cylinder were from 0 to (n− 1),
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while two collocation points at the center of circles are counted as n and (n + 1).

The relation between the number of elements and the number of nodes depends

on the order of the interpolation functions, which can be constant, first-order or

even higher order.

The identical mesh was used for the element separation because in the follow-

ing inverse model, the position of the coating defects was distributed randomly

along the pipeline. If the pipeline meshing depended on the position of coating

defects, every time when the new coating defect positions would be assumed, the

system would have to be remeshed. To save computational time, by using the

identical mesh, the matrices G and H for the BEM need to be calculated only once.

4.3.4 Coordinates Definition and Transformation

In this program, two kinds of objects were defined, one is pipe, and the other

is anode. The user needs to input the beginning point of the pipe/anode’s axle to

the program. Both the global coordinate and the local coordinate were used in this

study. The global coordinates was set as: z axial parallel to the soil surface and

directed to north direction; x axial perpendicular to the soil surface and pointed

toward the sky. The y axial and z axial build the soil surface plane. The origin is

on the soil surface. The angle between the pipe/anode’s axle and soil surface is

defined as the elevation angle θe. θe = 0◦ means that the object is parallel to the soil

surface. θe = 90◦ (or θe = −90◦) means that the object is perpendicular to the soil

surface. The direction angle θd refers the angle between the pipe/anode’s axle and

z axial positive direction. The local coordinate is used when the collocation point

and the field point are on the same object (i.e., the pipe/anode), while the global

coordinate is used when the collocation point and field point are on the different

objects to clarify the relative positions of these objects.

Transformation between two different coordinates, such as the global and the
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Figure 4-9: Coordinate rotation.

local coordinates or two different local coordinates, usually consists of two steps.

One is origin transformation, which is to move from one original point to a new

origin. The other is rotation, which is to rotate previous axials around the new

origin. Coordinate rotation actually includes two rotations. Figure 4-9 shows the

precedure to rotate a coordinate around a point and one axis. The first rotation is

to rotate the x axis and the z axis about the y axis with elevation angle θe to get

new x′ axis and z′ axis. The second rotation is to fix x′, and to rotate y and z′ axes

with direction angle θd to get a new axes y′′ and z′′. Finally, coordinates (x, y, z) is

converted to (x′, y′′, z′′).

4.3.5 Discretization of Boundary Element Method

Rewriting equation (4-23) using P as source point, Q as field point and ∂Ω as

boundary, we get

cu(P) +
∫
∂Ω

u(Q)q∗PQd(∂Ω) =
∫
∂Ω

q(Q)u∗PQd(∂Ω) + u∞ (4-33)
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where u∗ and q∗ are the fundamental solution of the Green function, and they have

the relation

q∗PQ =
∂u∗PQ

∂nQ
(4-34)

Discretizing equation (4-33),

ciui(P) +
nel

∑
j=1

∫
S j

u j(Q)
∂u∗PQ

∂nQ
dS j =

nel

∑
j=1

∫
S j

q j(Q)∂u∗PQdS j + u∞ (4-35)

where nel means the number of element. Since u and q of each linear cylindrical

element vary linearly along the z axial direction, then

u(z) = u1(l− z) + u2z

q(z) = q1(l− z) + q2z (4-36)

where l is the length of the element. Let t = z
l , then u and q, the functions of z, can

be transferred to be the functions of t,

u(t) = l[u1(l− t) + u2t]

= l[u1N1(t) + u2N2(t)]

q(t) = l[q1(l− t) + q2t]

= l[q1N1(t) + q2N2(t)] (4-37)

The basis functions can be extracted from equation (4-37),

N1(t) = 1− t;

N2(t) = t. (4-38)

Upon substituting equation (4-37) into equation (4-35), the discretized boundary

integral equation becomes

ciui(P) +
nel

∑
j=1

∫
S j

l j[u j,1N1(t) + u j,2N2(t)]
∂u∗i j

∂n j
dS j

=
nel

∑
j=1

∫
S j

l j[q j,1N1(t) + q j,2N2(t)]u∗i jdS j + u∞ (4-39)
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Since the fundamental solutions are

u∗i j =
1

4πri j

q∗i j =
∂u∗i j

∂n j
=

1
4π

∂( 1
ri j

)

∂n j
(4-40)

According to equation (4-39), we define

Gi j =
∫

S j

2

∑
k=1

l jq jkNk(t)u∗i jdS j (4-41)

Hi j =
∫

S j

2

∑
k=1

l ju jkNk(t)q∗i jdS j (4-42)

If the field point Q is on the cylindrical element side area, dS j = Rdθdt, R is the

radium of cylinder, then Gi j becomes

Gi j =
∫ 1

0

∫ 2π

0

2

∑
k=1

l jq jkN j(t)u∗i jRdθdt

= l j(
R

4π
)
∫ 1

0
(

2

∑
k=1

q jkNk(t))dt
∫ 2π

0

1
ri j

dθ (4-43)

and Hi j becomes

Hi j =
∫ 1

0

∫ 2π

0

2

∑
k=1

l ju jkNk(t)q∗i jRdθdt

= l j(
R

4π
)
∫ 1

0
(

2

∑
k=1

u jkNk(t))dt
∫ 2π

0

∂( 1
ri j

)

∂n j
dθ (4-44)

If the field point Q is on the circle elements, dS j = rdrdθ, 0≤ r ≤ R, Gi j changes its

form to

Gi j = q j(
1

4π
)
∫ R

0

∫ 2π

0

1
ri j

rdrdθ (4-45)

and Hi j is in form

Hi j = u j(
1

4π
)
∫ R

0

∫ 2π

0

∂( 1
ri j

)

∂n j
rdrdθ (4-46)

The boundary integral for Gi j and Hi j with the different positions of the source

point P and the field point Q is shown in Appendix A.
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In addition, adding the unknown potential at infinity u∞ in equation (4-39) to

Hi j, H matrix becomes

H =

 Hp,p Hp,a −1

Ha,p Ha,a −1


(np+na)×(np+na+1)

(4-47)

where -1 column corresponds to u∞. And the G matrix is

G =

 Gp,p Gp,a

Ga,p Ga,a


(np+na)×(np+na)

(4-48)

The subscript p and a indicate the pipe and the anode respectively. The subscript

(p, p) and (a, a) indicate that the collocation points and the field points are on the

same object. While (p, a) means that the collocation points are on the pipe and the

field points are on the anode. Likewise (a, p) means that the collocation points are

on the anode and the field points are on the pipe. The number of node on the pipe

and the anode are represented by np and na.

4.3.6 Row Sum Elimination

The diagonal elements of the matrix H are usually difficult to calculat since the

linear or higher order elements have been used and the constant ci in equation

(4-14) involves the calculation of the solid angle subtended by the region V at xs

on S. In order to overcome this difficulty, Gibbs’s theorem can be applied to find

the values of the diagonal.76 For a domain governed by Laplace’s equation, if the

potential is uniform throughout the domain, and its gradient of the potential is

zero at infinity if it exists, the gradient of the potential will be equal to zero within

the domain. For the three-dimensional potential problem, u(y) ≡ 1 is defined in

the interior region. Since q(y) = ∂u(y)
∂n = 0 on the boundary, q(y) = 0 in the domain.

Thus equation (4-13) becomes

c(xs) = −
∫

s
q∗(xs, y)dS(y) (4-49)
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It means that,

∑
i, j

Hi, j = 0 (4-50)

where the diagonal terms are unknown. The diagonal terms are now specified by

the negative sum of the off-diagonal terms of each row

Hi,i = −∑
j 6=i

Hi, j (4-51)

where j goes from one to the number of terms in a row.

The same technique used for the interior domain is applied to present work.

Assuming u(y) ≡ 1, since q(y) = ∂u(y)
∂n = 0 on the boundary and in the domain,

equation (4-15) becomes

c(xs) = −
∫

s
q∗(xs, y)dS(y)− lim

R→∞

∫
SR

q∗(xs, y)dS(y) (4-52)

Additionally, since

lim
R→∞

∫
SR

q∗(xs, y)dS(y) = (− 1
4πR2 )(4πR2) = −1 (4-53)

c(xs) in equation (4-52) becomes

c(xs) = −
∫

s
q∗(xs, y)dS(y) + 1 (4-54)

which means that,

Hi,i = 1−∑
j 6=i

Hi, j (4-55)

Therefore, by using Gibbs’s theorem, the diagonal elements of the matrix H can

be obtained from the off-diagonal elements and the calculation difficulties are

avoided.

4.3.7 Self-Equilibrium

Cathodic protection systems do not lose or gain current from their surround-

ings. In other words, the current is conserved. Therefore, if the flux between the
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anode and the pipe is self-equilibrium, the flux at infinity will be zero. To imple-

ment this condition, an extra equation, equation (4-56) is added to the system.31, 77

∫
S

qdS = 0 (4-56)

It indicates the intensity of an equivalent source distributed over S. It also can be

written as

i∞ = ∑
k

ip,k Ap,k + ∑
k

ia,k Aa,k = 0 (4-57)

where

Ak =
∫

Sk

dSk, k ∈ [0,np] or [0,na] (4-58)

Adding equation (4-57) to equation (4-47) and (4-48), and defining the potential

vector u as

φ =


φp

φa

φ∞


(np+na)×1

(4-59)

the flux vector q as

n · ∇φ =

 n · ∇φp

n · ∇φa


(np+na)×1

(4-60)

we get
Hp,p Hp,a −1

Ha,p Ha,a −1

0 0 0




φp

φa

φ∞

 =


Gp,p Gp,a

Ga,p Ga,a

Ap Aa


 −n · 5φp

−n · 5φa

 (4-61)

Here H matrix is singular because there is still a row of zeros in it. However,

it will only be the case when Neumann type boundary conditions are specified

everywhere. The Neumann problem results in an infinite number of solutions.
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Therefore, at least one element in the system must have a Dirichlet boundary con-

dition to make the H matrix nonsingular and result in a unique solution. In addi-

tion −n · 5φ has a minus sign because the normal vector direction is outward of

boundary S.

4.4 Forward Model

4.4.1 Constant Steel Potential Assumption

Since the axial variation of potential in pipe steel is trivial for a short section or

low resistance pipelines, the potential of pipe steel is assumed to be a constant in

this chapter.

Rewriting equation (4-61) by making a variable substitution φ= V−ψ, we get


Hp,p Hp,a −1

Ha,p Ha,a −1

0 0 0




V−ψp

V−ψa

V−ψ∞

 =


Gp,p Gp,a

Ga,p Ga,a

Ap Aa


 −n · 5(V−ψp)

−n · 5(V−ψa)

 (4-62)

where V is the potential of pipe steel. Decomposing the vector V − ψ and −n ·

5(V−ψ), equation (4-62) becomes
Hp,p Hp,a −1

Ha,p Ha,a −1

0 0 0




V

V

V

−


Hp,p Hp,a −1

Ha,p Ha,a −1

0 0 0




ψp

ψa

ψ∞



=


Gp,p Gp,a

Ga,p Ga,a

Ap Aa


 n · 5ψp

n · 5ψa

 (4-63)

Since the potential of steel V is assumed to be a constant, −n · 5V = 0. Moreover,
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according to equation (4-55)

Hp,p + Hp,a = 1 (4-64)

Ha,p + Ha,a = 1 (4-65)

Thus, the first term on the left hand side of equation (4-63) is vanished, and we

can readily obtain
Hp,p Hp,a −1

Ha,p Ha,a −1

0 0 0




ψp

ψa

ψ∞

 = −


Gp,p Gp,a

Ga,p Ga,a

Ap Aa


 n · 5ψp

n · 5ψa

 (4-66)

Equation (4-11) can be rewrite as

n · 5ψp =
ρsoil

ρcoatδ
(ψp −ψcorr) (4-67)

Substituting equation(4-67) into equation (4-66), we can get
Hp,p Hp,a −1

Ha,p Ha,a −1

0 0 0




ψp

ψa

ψ∞

 = −


Gp,p Gp,a

Ga,p Ga,a

Ap Aa




ρsoil
ρcoatδ

(ψp −ψcorr)

n · 5ψa

 (4-68)

Equation (4-68) will be applied in the two cases as below.

Sacrificial anode case

For the sacrificial anode protection method, we set the potential of the anode

as a constant and the current density of the anode is unknown except that it is zero

at the two ends of the anode. The potential of the pipe is unknown. The current

density of pipe is also unknown except the zero value is given at the ends of pipe.

In addition, the potential and the current density of the pipe satisfy the relation of

equation (4-67).
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Rearranging the equation (4-68),
Hp,p + Gp,p

ρsoil
ρcoatδ

Gp,a −1

Ha,p + Ga,p
ρsoil
ρcoatδ

Ga,a −1

+Ap
ρsoil
ρcoatδ

Aa 0




ψp

n · 5ψa

ψ∞

 =


Gp,p

ρsoil
ρcoatδ

−Hp,a

Ga,p
ρsoil
ρcoatδ

−Ha,a

Ap
ρsoil
ρcoatδ

0


 ψcorr

ψa


(4-69)

it can be used to model sacrificial anode CP system.

Impressed current case

To simulate the impressed current protection method, we set the current den-

sity of the anode as a constant value, but the potential of the anode is unknown.

The conditions of current density and potential of pipe are same as those of the

sacrificial anode case. Likewise, the following equation can be obtained.
Hp,p + Gp,p

ρsoil
ρcoatδ

Hp,a −1

Ha,p + Ga,p
ρsoil
ρcoatδ

Ha,a −1

+Ap
ρsoil
ρcoatδ

0 0




ψp

ψa

ψ∞

 =


Gp,p

ρsoil
ρcoatδ

−Gp,a

Ga,p
ρsoil
ρcoatδ

−Ga,a

Ap
ρsoil
ρcoatδ

−Aa


 ψcorr

n · 5ψa


(4-70)

4.4.2 Simulation Results

Typical simulation results for potentials on soil surface directly above a 10m

pipeline with one coating defect are shown in Figure 4-10. The potential change at

the position corresponding to the coating defects is evident, but the magnitude of

the change is small, in agreement with previous calculations.35, 38

4.5 Inverse Model

The purpose of the inverse model is to construct an objective function and to

compare different types of regression methods in order to minimize the objective

function. The simulated annealing method was found appropriate in the present

study since it can escape from the local minima and thereby avoid the influence of

the initial guess.
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Figure 4-10: False color image of the on-potential on the soil surface that was gen-
erated by the forward model corresponding to Figure 4-1.

4.5.1 Objective Function

An objective function, which describes the difference between the measured

potential and calculated potential on the soil surface, is given as

g(x, ρ, σ) =
N

∑
j=1

(ψ j − ψ̂ j)2 (4-71)

where ψ j and ψ̂ j represent measured and calculated soil surface potentials, re-

spectively. The calculated soil surface potential depends on the pipe coating con-

ditions, such as position, resistivity and width of coating defect. Thus, once the

minimum of the objective function is reached, the fitted coating parameters will

reflect the real physical conditions of pipeline.

4.5.2 Analysis of Regression Methods

Several regression methods were tested, including the conjugate gradient, Levenberg-

-Marquart, and quasi-Newton methods. A summary of these methods is provided

by Press et al.78 These methods, distinguished by the need to evaluate both the

function value and the function gradient, were rejected for the pipeline inverse

model. The extra calculations required for evaluation of the function gradient
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added significantly to the computational requirement. In addition, these methods

were extremely sensitive to the value of an initial guess and had a tendency to find

local rather than global minima.

The downhill simplex method,78 which requires evaluation of only the objec-

tive function and not its gradient, was used successfully for preliminary two-

-dimensional inverse analysis. The downhill simplex method did not work very

well for three-dimensional problems because it was strongly affected by the initial

guess.

Genetic minimization algorithms, intended to mimic the course of natural se-

lection, have been applied to inverse problems for cathodic protection.42, 44, 45 Pa-

rameters are normally coded as binary strings to reduce the searching population.

Procedures of selection, mating and mutation are used repeatedly to create the

new generation until the specified stop criterion is satisfied. This method is not

very sensitive to the values of initial guesses and can escape from the local min-

ima. However, it has difficulty selecting between close function values.79

After trying the alternatives, the simulated annealing optimization approach

was selected for the present work. This method is attractive because it is suit-

able for large-scale problems and can search for a global minimum, which may be

hidden among many local minima. Simulated annealing was better than down-

hill simplex because the simplex method accepts only downhill steps during its

searching; whereas, simulated annealing can accept both the downhill and uphill

steps. In this way, simulated annealing method can step out of the local optima

and successfully locate the global minimum.

4.5.3 Simulated Annealing Method

The term “simulated annealing” comes from a physical process analogy.78 When

a material is heated and then is slowly cooled down, a strong crystalline structure
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will be obtained. This crystal is the minimum energy state of the system. In a sim-

ulation process, a minimum of the objective function corresponds to the ground

state of the substance. The Bolzmann probability distribution, which describes the

different energy state in a thermal equilibrium under given temperature, can also

be used to mimic the different objective function value at certain searching region.

The simulated annealing method starts with a brief view of the searching domain

by making large moves and then it focuses on the most possible region. The inher-

ent random fluctuation permits the annealing procedure avoid the local minima.

The Metropolis rule

p = e−(g2−g1)/kT (4-72)

is used to control whether the uphill step is accepted. In equation (4-72), p refers

to the probability, gi is the objective function value and T is an important param-

eter in the simulated annealing method, which resembles the temperature in the

thermal system. For g2 < g1, the probability p is greater than 1, which means that

the downhill steps are always accepted. For g2 > g1, the probability p is compared

with a uniformly distributed random number from [0,1] to decide whether uphill

steps are accepted. Since each parameter has its own limit, once the parameter is

out of its limit, the following equation can be used to correct the parameter.

x = xL + α(xU − xL) (4-73)

where α is a uniformly distributed random number among [0,1], xL is the lower

limit of x and xU is the upper limit of x. The parameter x can thus be guaranteed

to lie within its bounds.

4.5.4 Simulation Results and Discussions

Examples of the application of the proposed forward and inverse models are

given in this section. In addition, several inverse strategies are introduced. The re-
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Figure 4-11: Flow chart for the inverse model calculations.

gression algorithm employed by the inverse model is shown in the Figure 4-11. The

set parameters were used as inputs to the forward model to get the potential on soil

surface. These results were treated as the measured data. These “measured” po-

tentials belong to each point of a 3 x 101-grid area, as shown in Figure 4-12. There

are three lines in the grid area: the middle line is right above the pipe centerline,

and two other lines of calculated values were placed ±1 m from the centerline of

the pipe. The grid, therefore, comprised 303 data points. Initialize the parameters,

the number of defects, each defect’s center position, resistivity reduction and the

width of the defects, and input them into the inverse model. Among all these pa-

rameters, the number of defects has the most significant impact on the regression

results. In this study, we purpose a method to decide the number of defects which

can be obtained from the measurements. The inverse analysis result by using sim-

ulated annealing method is shown in Table 4.1 for a 10-meter long pipe segment
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Figure 4-12: Grid showing the location of 303 surface on-potentials calculated us-
ing the three-dimensional forward model developed in the present work. The grid
shown is for a 10m pipe segment. A scaled version of the grid was used for a 100m
pipe segment.

with two coating defects. The calculated data were for defects located at the 3.2

and 6.0 m positions with characteristic dimensions of 0.05 and 0.5 m, respectively.

The intact coating resistivity had a value of 5.0× 107 / Ωm, which was fixed for

the regression procedure. The input values for surface potentials were calculated

at the limits of the precision of the forward model, i.e., no noise was added. The

regression yielded the correct locations, characteristic defect dimensions, and re-

sistivity changes associated with the coating defects.

The process of finding the minimum of the object function is shown in Figure

4-13. For this test problem, with the forward model and no noise added to the syn-

thetic data, the minimum value of the cost function was 10−15. Of the techniques

used, only the simulated annealing method could find this global minimum. The

best of the other techniques were able to identify local minima with values on the

order of 10−4 to 10−8 preceding the plateau.

A comparison of the set and fitted results for pipe coating resistivity, poten-

tial and current density, respectively, is shown in Figures 4-14. Corresponding to

the coating resistivity decay, the potential and current density distributions have

significant changes. A good agreement between the synthetic data and regression

results can be observed.
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Table 4.1: Parameter values obtained using the three-dimensional inverse model
developed in the present work for a 10m pipe segment with two coating defects.

Coating Position Resistivity Characteristic dimension
Defect xk / m ρk / Ω m σk / m

Set Values 1 3.2 −4.0× 107 0.22
2 6.0 −3.5× 107 0.71

Initial Values 1 2.5 −3.0× 107 0.1
2 5.0 −3.0× 107 0.1

Regression Result 1 3.206 −3.81× 107 0.26
2 6.004 −3.51× 107 0.70
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Figure 4-13: The regression objective function as a function of the number of evalu-
ations for a pipe coating with one defect region. The simulated annealing method
was used for this regression.



61

0 2 4 6 8 10

10

20

30

40

50

60

5×109 Ωcm

 

 

C
oa

tin
g 

R
es

is
tiv

ity
 / 

M
Ω

 m

Position /m

 Set data
 Regression result

(a)

0 2 4 6 8 10

-1.160

-1.156

-1.152

-1.148

 

 

P
ot

en
tia

l /
 V

Position /m

 Set data
 Regression result

(b)

0 2 4 6 8 10
-3x10 -4

-2x10 -4

-1x10 -4

0
 

 

Cu
rre

nt 
De

ns
ity

 / A
m

-2

Position /m

 Set data
 Regression result

(c)

Figure 4-14: Comparison of the set and fitted results for pipe coating with two
coating defects: a) coating resistivity; b) potentials; and c) current density.
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Table 4.2: Test case parameters with five coating defects on the pipe used to
demonstrate the method for determination of the number of statistically signif-
icant parameters (see Figure 4-15). The intact coating resistivity had a value of
5.0× 107 / Ωm.

Coating Defect Position Resistivity Characteristic dimension
xk / m ρk / Ω m σk / m

Set Values 1 10 −3.5× 107 0.45
2 30 −4.5× 107 0.32
3 40 −3.0× 106 0.55
4 70 −2.0× 107 0.45
5 85 −4.0× 107 0.63

4.5.5 Inverse Strategies

The strategies, including the determination of the number of significant pa-

rameters, the procedures used to reduce the influence of initial guess and the eval-

uation of the role of noise in the measured data, were explored to assess the confi-

dence level of the inverse model results.

Determination of the Number of Statistically Significant Parameters

When the collected data are scattered, it is difficult to decide how many pos-

sible defects or coating anomalies should be included in the regression. The ap-

proach taken to address this issue was to increase sequentially the number of de-

fects, using the regression statistics to determine when the number of statistically

significant parameters was exceeded. This approach is similar to that used to as-

sess the number of statistically significant measurement model parameters can be

obtained by regression to impedance spectroscopy data.80, 81

An example with five defects, shown in Table 4.2, was used to illustrate the

approach taken to assess the correct number of statistically significant parameters.

The relation between the regression statistic log(χ2/ν) and the number of coating

defects assumed in the regression is presented in Figure 4-15. Here, ν = N − M

represents the degree of freedom of the problem which is reduced as the number of
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Figure 4-15: The regression statistic as a function of the number of coating de-
fects assumed for the model. The minimum in this value is used to identify the
maximum number of coating defects that can be justified on statistical grounds.

parameters is increased. N represents the number of data point, and M represents

the number of parameters. χ2 is the weighted objective function. The lowest point

of the curve denotes the number of statistically significant coating defects obtain-

able by regression. Here, it is four. The fifth coating anomaly, identified in Table

4.2 as defect 3, could not be identified by the regression procedure. The number

of coating anomalies identified by this procedure will depend on the amount and

quality of data and on the sensitivity of the data to coating condition.

Testing the Robustness of the Inverse Model

To assess the influence of uncertainty in the measured data, normally dis-

tributed stochastic errors were added to the soil surface potential generated by

the forward model. The noise added had standard deviations σnoise of 0.1, 1.0, and

2.0 mV respectively.

The set values, initial guesses, and regression results are presented in Table 4.3.

Three coating defects placed at 30, 40, and 70 m positions were used to generate

synthetic data. For the lowest noise level, σnoise = 0.1 mV, the sequential procedure

described in the previous section allowed only two statistically significant defects.
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Table 4.3: Regression results from the three-dimensional inverse model for a 100m
pipe segment with three coating defects. The sequential regression procedure was
used to identify the number of defects that were statistically significant. The intact
coating resistivity had a value of 5.0× 107 / Ωm.

Coating Position Resistivity Characteristic dimension
Defect xk / m ρk / Ω m σk / m

Set Values 1 30 −4.5× 107 0.32
2 40 −3.0× 106 0.55
3 70 −2.0× 107 0.45

Initial Guess 1 50 −3.5× 107 0.92
2 50 −3.5× 106 0.92
3 50 −3.5× 106 0.92

Regression Results
σnoise = 0.1 mV 1 29.85 −4.25× 107 0.66

2 69.83 −7.57× 106 1.30
σnoise = 1.0 mV 1 32.01 −4.67× 107 0.087
σnoise = 1.0 mV 1 32.01 −4.68× 107 0.057

2 90.29 −1.22× 106 0.86
σnoise = 2.0 mV 1 29.95 −3.33× 107 1.50

The initial guesses placed the defects at the midpoint of the pipe segment. The re-

gression results suggested that the defects exist near the 30 and 70 m locations. The

missing defect is the one with the smallest deviation in coating resistivity. Thus,

the regression procedure identified the correct location of the two most significant

reductions in coating resistivity.

For σnoise = 1.0 mV, the sequential procedure using the minimization of the

∑χ2/ν criterion allowed two coating defects. The defect located at 32.01 m was

consistent with the most significant defect located at 30 m, but the defect identified

at 90 m did not conform to the input data. In addition, the regression failed to

identify the second most significant reduction in coating resistivity at 70 m.

The problem here may be an inadequate sensitivity of the χ2/ν statistic for

identifying overfitting of data. Other criteria, such as the Akaiki information cri-

teria,82, 83, 84 provide additional penalties for adding parameters to a model. For
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σnoise = 1.0 mV, the Akaiki performance index

API = ∑χ2 1 + np/nob

1− np/nob
(4-74)

suggested that only one defect could be identified; whereas, the Akaiki informa-

tion criterion

AIC = log
(
∑χ2 (1 + 2np/nob

))
(4-75)

suggests that two defects could be identified. Regression for a single coating defect

identified a defect in the close vicinity of the most significant coating reduction. By

any of the statistical measures tested, only the largest defect could be identified for

σnoise = 2.0 mV. The location of the defect was correctly identified; however, the

width of the defect was incorrectly determined.

These results can be explained by examination of the synthetic surface poten-

tial data used for the inverse model analysis. The corresponding results of the

inverse analysis for σnoise = 0.1 mV are shown in Figure 4-16 As is shown in Fig-

ure 4.16(a), the level of added noise did not obscure the surface-potential features

introduced by the presence of the major coating defects. The regressed and noise-

free target values for potential cannot be distinguished; thus, the absence of the

minor coating defect did not influence the fit of the model to the synthetic data.

As seen in Figure 4.16(b), the regression procedure identified the the two most

significant reductions in coating resistivity at 30 and 70 m locations.

In contrast, the random noise added with σnoise = 1.0 mV, shown in Figure

4.17(a), almost completely obscures the influence of the coating defects. Neverthe-

less, a major defect can be resolved by the regression procedure in the vicinity of

the largest defect, as shown in Figure 4.17(b). The anomalous defect introduced by

the regression procedure at 90 m has associated with it a small reduction on coat-

ing resistivity. There is a question as to whether this defect can be considered to
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Figure 4-16: Comparison between the input values and regression results for
σnoise = 0.1 mV: a) soil-surface potential (at the centerline of the pipe); b) coating
resistivity.
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Figure 4-17: Comparison between the input values and regression results for
σnoise = 1.0 mV: a) soil-surface potential (at the centerline of the pipe); b) coating
resistivity.



68

be statistically significant, but, nevertheless, the regression procedure would have

given adequate guidance for excavation of the pipe.

By visual inspection, the random noise added with σnoise = 2.0 mV, shown in

Figure 4.18(a), would appear to obscure the influence of even the major coating

defect. The regression procedure identified a single statistically significant coating

defect located near the 30 m defect. The agreement between the regressed poten-

tial profile and the noise-free target values was surprisingly good. As shown in

Figure 4.17(b), the correct location for the principal defect was correctly identified,

even though the breadth of the defect was not correctly determined.

The results suggest that, while it is difficult to extract coating conditions from

the data when the influence of the coating defect on the surface potential is compa-

rable with noise, the regression procedure showed a surprising ability to identify

the location of the most significant coating defects from noisy data. This result

suggests that an inverse model is feasible, in particular when other types of data

are included.

Sensitivity to Initial Guess

The values used for an initial guess have a significant influence on most of the

conventional nonlinear regression methods. To reduce this effect and to test the

robustness of the present inverse model, identical parameters for each defect were

used. For example, as the initial guess in Table 4.3, the positions of the defects were

all set to the middle of the pipeline. This kind of initial guess created significant

difficulties for conventional regression methods, but posed no problems for the

simulated annealing method used in the present inverse model.
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Figure 4-18: Comparison between the input values and regression results for
σnoise = 2.0 mV: a) soil-surface potential (at the centerline of the pipe); b) coating
resistivity.
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4.6 Conclusions

In this chapter, both the forward model and the inverse model for the three-

-dimensional CP system was introduced. The simplified forward model has the

following advantages.

1. The Laplace’s equation with the simplified linear boundary condition was

applied. This approach not only simplifies the forward calculation, but also

reduces the computational effort to the inverse calculation.

2. The line shape approximation for the pipe coating resistivity makes it possi-

ble to limit the number of parameters needed to describe the coating condi-

tions along the whole pipe. It dramatically increases the degree of freedom

of the problem as compared to the method that represents the coating condi-

tions element by element.

3. The BEM method with cylindrical element was developed. The basic theory

of BEM, such as use of the mirror reflection technique for the half-infinity

domain, row sum elimination, and self-equilibrium, were introduced. In ad-

dition, the implementation techniques, for example, the coordinates trans-

formation, element discritization, were also included.

4. The simplified forward model was used to obtain the potentials of the pipe

on the soil surface. The potential and the current density of the pipe and the

anode could also be calculated.

The inverse part of work represents an ambitious research effort with a poten-

tially large payoff for the oil and gas transmission industry. The central question is

whether a regression approach could be used to assess pipeline coating conditions

from field data in a way that is consistent with the laws of physics. The rationale,
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methodology, and results are presented, which demonstrate the feasibility of the

inverse model for pipelines.

1. This work has demonstrated that it is possible to couple a boundary ele-

ment forward model with a nonlinear regression algorithm to obtain pipe sur-

face properties from measured soil-surface potentials. The resulting model

is called an inverse model.

2. The technique identifies the location of coating anomalies as well as the

breadth of the anomaly and the amount that the local resistivity has changed.

3. The performance of the inverse model is sensitive to the regression procedure

used. The simulated annealing algorithm proved to be the most robust and

had greatest capability to seek the global minimum for this problem.

4. An algorithm was developed that could be used to identify the maximum

number of coating anomalies that can be detected. This number is sensitive

to the quality of data as well as to the actual coating condition.

5. If the number of coating anomalies detected is smaller than the actual num-

ber of coating defects, the technique will identify the most serious anomalies.

The results of this effort, limited to a single pipe in a right-of-way, demonstrate the

feasibility of a program to interpret survey data in terms of the state of protection

of the pipe.



CHAPTER 5
DEVELOPMENT OF THREE-DIMENSIONAL FORWARD AND INVERSE

MODELS FOR PIPELINE WITH BOTH POTENTIAL AND CURRENT DENSITY

SURVEY DATA

5.1 Forward Model

5.1.1 Introduction

In Riemer’s work, there were two separate domains for the flow of current. The

first was the soil domain up to the surfaces of the pipes and anodes. The boundary

conditions for the soil domain were the kinetics of the corrosion reactions. The

second domain was the internal pipe metal, anode metal and connecting wires for

the return path of the cathodic protection current.38 The BEM method was used

for the first domain. The FEM method was applied to the second domain. Brichau

also coupled the BEM and FEM to solve the two domains.72 In this chapter, to

simplify the calculations, not only the potential but also the current density along

the pipe steel will be obtained by using the BEM method.

5.1.2 Pipeline with Varying Steel Potential

In chapter 4, the potential V on the pipe steel was assumed to be a constant.

Actually, the potential on the pipe steel varies along the pipe since the pipeline has

its own internal resistance. For a short section of pipe, since the potential drop due

to the pipe resistance is very small, it is reasonable to assumed it to be constant.

However, for a long pipeline or a high resistance pipe, the potential drop along

the pipe steel is significant and cannot be ignored. The model in chapter 4 was

extended to account for the electrical potential of the pipeline steel.

72
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Figure 5-1: Cathodic protection system with variant potential along the pipe and
anode.

The method of calculation is illustrated schematically in Figure 5-1, where a

horizontally placed pipeline is connected by a wire to a vertically placed sacrifice

anode. The connection points are c1 on the pipe and c2 on the anode. In Figure 5-1,

i represents the current density along the axial direction of pipeline or anode, and

subscripts p and a designate pipeline and anode, respectively. The current density

entering the pipe at the ends is designated by i0
p and in

p, and the current density

entering the anode at the ends is designated by i0
a and in

a . The current density

entering the pipe coating in the radial direction is given by q. As shown in Figure

5-1, the protecting current flows away from the anode to the soil, then flows to the

pipeline. On the pipeline, the currents flow from the two opposite directions to

the connection point c1 and they are concurrent as current I. The current I flows

back to the anode through the wire.

The current density in the pipeline steel along axial direction is given by

i =
1
ρsteel

(−n · ∇V) = − 1
ρsteel

dV
dz

(5-1)

where V represents the potential of the steel in the pipe. Equation (5-1) can be



74

Figure 5-2: Relation of potential V and current density.

integrated in the axial direction along a segment with length dz, shown in Figure

5-2, such that ∫ Vk

Vk−1

dV = −ρsteel

∫ zk

zk−1

idz (5-2)

The potential change across the segment is given by

Vk −Vk−1 = −ρsteel

∫ zk

zk−1

(
z− zk−1

zk − zk−1
ik−1 +

zk − z
zk − zk−1

ik)dz (5-3)

or

Vk −Vk−1 = ρsteel(zk − zk−1)
(ik−1 + ik)

2
(5-4)

where the potential difference between two points is found as the product of the

average current density (ik−1 + ik)/2 and the resistance ρsteel(zk − zk−1).

Conservation of charge requires that the current flowing into the pipe segment

is equal to the current flowing out. Thus,

ik−1 = ik +
As

Ac
q̄ (5-5)

where q̄ is the average current density entering the coated surface of the element

in the radial direction. Ac and As represent the areas of the steel cross-section

and side walls, respectively. For the cathodic protected system, the protecting

current flow away from the anode to the soil, and then flow to the pipeline. On

the pipeline, the currents from the two sides of the connection point c1 flow head
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Figure 5-3: Axial direction current flow along the pipeline.

to head and are concurrent as current I flows back to the anode through the wire

which is connecting the pipe and the anode. Therefore, for each segment of the

pipe before connection point c1, the potential difference is,

V0 −V1 = (i0 + i1)R = [2i0 −
(

Ap
s

Ap
c

)
· (q0 + q1)

2
]R

V1 −V2 = (i1 + i2)R = [2i0 −
(

Ap
s

Ap
c

)
· (q0 + 2q1 + q2)

2
]R

...

Vc1−1 −Vc1 = (ic1 + ic1−1)R = [2i0 −
(

Ap
s

Ap
c

)
· (q0 + 2q1 + · · ·+ 2qc1−1 + qc1)

2
]R

For each segment of the pipe after the connection point c1

−Vc1+1 + Vc1 = (ic1+1 + ic1)R = [2in +
(

Ap
s

Ap
c

)
· (qn + 2qn−1 + · · ·+ 2qc1+1 + qc1)

2
]R

...

−Vn + Vn−1 = (in + in−1)R = [2in +
(

Ap
s

Ap
c

)
· (qn + qn−1)

2
]R

There are n equations if the pipeline is discritized as n segments, while there are

n + 1 the unknown variables V0,V1, · · ·Vn. One more equation is needed in order

to get a unique solution. The potential V = 0 can be set at any position along the

pipe. In this study, zero potential was set at the pipe and anode connection point

c1, that is, Vc1 = 0. The current flow in the anode through the wire will flow to

the different direction along the anode. Likewise, for each segment of the anode
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Figure 5-4: Axial direction current flow along the anode.

before the connection point c2,

V0 −V1 = [2i0 −
(

Aa
s

Aa
c

)
· (q0 + q1)

2
]R

V1 −V2 = [2i0 −
(

Aa
s

Aa
c

)
· (q0 + 2q1 + q2)

2
]R

...

Vc2−1 −Vc2 = [2i0 −
(

Aa
s

Aa
c

)
· (q0 + 2q1 + · · ·+ 2qc2−1 + qc2)

2
]R

For each segment of the anode after connection point c2

−Vc2+1 + Vc2 = [2im +
(

Aa
s

Aa
c

)
· (qm + 2qm−1 + · · ·+ 2qc2+1 + qc2)

2
]R

...

−Vm + Vm−1 = [2im +
(

Aa
s

Aa
c

)
· (qm + qm−1)

2
]R

Corresponding to the m segments of the anode, there will be m + 1 unknown vari-

ables V0,V1, · · ·Vm. Another equation is needed. If the wire connecting the pipe

and the anode has resistance Rwire, and the current flow through the wire is I, then

Vc1 = Vc2 − IRwire = 0 (5-6)

In order to satisfy the self-equilibrium limitation, the current I needs to obey the

relations as below.
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For the pipeline, as shown in Figure 5-3,

ic1
F0 = i0 −

(
Ap

s

Ap
c

)
· (q0 + 2q1 + · · ·+ 2qc1−1 + qc1)

2
(5-7)

ic1
Fn = in +

(
Ap

s

Ap
c

)
· (qc1 + 2qc1+1 + · · ·+ 2qn−1 + qn)

2
(5-8)

where ic1
F0 is the current density coming from left end of pipe to the point c1, and ic1

Fn

is the current density coming from right end of pipe to the point c1. By combining

these two equations,

(ic1
F0 − ic1

Fn)Ap
c = I (5-9)

We have

(i0 − in)Ap
c −

(q0 + 2q1 + · · ·+ 2qn−1 + qn)
2

Ap
s = I (5-10)

For the anode, as shown in Figure 5-4,

ic2
T0 = i0 −

(
Aa

s

Aa
c

)
· (q0 + 2q1 + · · ·+ 2qc2−1 + qc2)

2
(5-11)

ic2
Tm = im +

(
Aa

s

Aa
c

)
· (qc2 + 2qc2+1 + · · ·+ 2qm−1 + qm)

2
(5-12)

where ic2
T0 is the current density enter at c2 and flow to the upper end of anode, and

ic2
Tm is the current density enter at c2 and flow to the lower end of anode. Again, by

combining these two equations,

(ic2
T0 − ic2

Tm)Aa
c = I (5-13)

We have

(−i0 + im)Aa
c −

(q0 + 2q1 + · · ·+ 2qm−1 + qm)
2

Aa
s = I (5-14)

Summarizing the n + 1 equations for pipeline in matrix form, and defining Kp, Fp,
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Vp, qp and iend
p as

Kp =



1 −1 0 · · · · · · · · · · · · 0

0 1 −1 0 · · · · · · · · · 0

· · · · · · · · · · · · · · · · · ·

0 · · · 0 1 −1 0 · · · · · · 0

0 · · · · · · 0 1 −1 0 · · · 0

· · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · 0 1 −1

0 · · · 0 1 0 · · · · · · 0



Tp = 2R



1 0

1 0

· · ·

1 0

0 1

0 1

· · ·

0 1

0 0
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Fp = −
(

Ap
s

Ap
c
· R

2

)



1 1 0 · · · · · · · · · · · · 0

1 2 1 0 · · · · · · · · · 0

· · · · · · · · · · · · · · · · · ·

1 2 · · · 2 1 0 · · · · · · 0

0 · · · · · · 0 −1 −2 · · · −2 −1

· · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · 0 −1 −1

0 · · · · · · · · · · · · · · · 0



Vp =



V0

V1

...

Vc1

Vc1+1

...

Vn−1

Vn



,qp =



q0

q1

...

qc1

qc1+1

...

qn



, iends
p =

 i0

in



We get

KpVp = Tpiends
p + Fpqp (5-15)
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Likewise, define Ka, Fa, Va, qa and iend
a as

Ka =



1 −1 0 · · · · · · · · · · · · 0

0 1 −1 0 · · · · · · · · · 0

· · · · · · · · · · · · · · · · · ·

0 · · · 0 1 −1 0 · · · · · · 0

0 · · · · · · 0 1 −1 0 · · · 0

· · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · 0 1 −1

0 · · · 0 1 0 · · · · · · 0



Ta = 2R



1 0

1 0

· · ·

1 0

0 1

0 1

· · ·

0 1

− Ac
2R Rwire − Ac

2R Rwire
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Fa = −
(

Aa
s

Aa
c
· R

2

)



1 1 0 · · · · · · · · · · · · 0

1 2 1 0 · · · · · · · · · 0

· · · · · · · · · · · · · · · · · ·

1 2 · · · 2 1 0 · · · · · · 0

0 · · · · · · 0 −1 −2 · · · −2 −1

· · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · 0 −1 −1

−As
R Rwire · · · · · · · · · · · · · · · −As

R Rwire



Va =



V0

V1

...

Vc2

Vc2+1

...

Vm−1

Vm



,qa =



q0

q1

...

qc2

qc2+1

...

qm



, iends
a =

 i0

im



The m + 1 equations of the anode in matrix form are,

KaVa = Taiends
a + Faqa (5-16)

Introducing the equations (5-15), (5-16) into equation (4-61) in the previous chap-
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ter, we obtain



Kp 0 0 0 0

0 Ka 0 0 0

0 0 Hpp Hpa −1

0 0 Hap Haa −1

0 0 0 0 0





Vp

Va

φp

φa

φ∞


=



Fp Tp 0 0

0 0 Fa Ta

Gpp 0 Gpa 0

Gap 0 Gaa 0

Ap Aa





(−n · ∇φ)p

i0
p

in
p

(−n · ∇φ)a

i0
a

im
a


(5-17)

The forward model, equation (5-17), can be used to calculate both the potential

on the soil surface, and pipe steel potentials. Furthermore, pipe steel potentials

allows calculation of the current flowing in the pipe, which can be compared with

the field measurements.

5.1.3 Simulation Results

In order to show the simulation results with variant pipe steel potentials, a test

case of CP system was studied. A 500 m long pipe is assumed to be buried 1.45 m

(4.75 feet) below the soil surface. Its diameter is 0.457 m (1.5 feet). A anode is

placed 50 m away from the center of the pipe. The diameter of the anode is 0.152 m

and its length is 1.22 m (4 feet). The soil resistivity is 100 Ωm. The boundary

conditions are shown in Figure 4-1. A 0.5 mm-thick coating is assumed to cover

the side area of the pipe, with the exception at the two end, which are assumed

to be insulated. A wire connected the pipeline to the anode at 50 m position and

0.5 m position, respectively. The potential of the pipe steel varies along the pipe.

A coating defect is set on the middle of the length of pipeline.

The simulation results of anode and pipeline are shown in Figure 5-5 and Fig-

ure 5-6 respectively.
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Figure 5-5: Potential and current density along the anode: a) potential Ψ along the
anode (given value); b) potential V along the anode; c) radical direction of current
density along the anode; d) axial direction of current density along the anode.
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Figure 5-6: Simulated axial distributions along the pipeline: a) input value for
coating resistivity; b) radial component of current density; c) calculated value for
potential ψ; d) calculated value for steel potential V; and e) axial component of
current density in the pipe.
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5.1.4 Analysis of the Simulation Results

Figure 5.5(a) shows that ψa = −1.1V, because the anode is a sacrificial anode

and its potential is a given boundary condition. Figure 5.5(b) indicates the poten-

tials along the anode steel are variant. At the position where the potential equals

zero, a wire connects the anode to the pipeline. In order to protect the pipeline,

the current of the anode flows away from the anode, and flows back to the anode

through the wire. Therefore, the farther the position is from the wire connected

position, the lower the anode steel potential than that of the potential at the wire

connection point. Figure 5.5(c) exhibits the radial direction of current density. Fig-

ure 5.5(d) shows that the axial direction of current density is equal to zero at the

two ends of the anode. This is a given boundary condition. The current densities

at the two sides of the wire connection point have different signs, which means

that the current flows away from the wire connecting position to two opposite

directions.

The coating resistivity of the pipeline is shown in Figure 5.6(a) where the nom-

inal resistivity of defect-free coating is seen to be 5.0× 107Ωm. The resistivity was

assumed to decrease abruptly at a position of 250 m, corresponding to the posi-

tion of a significant coating defect. The cathodic radial current density increased

dramatically at the position of the coating defect, as shown in Figure 5.6(b). Figure

5.6(c) shows that the potential is less negative at the coating defect position than

other places. It means that pipe is less protected at the coating defect.

The variation of potential within the pipe steel is presented in Figure 5.6(d).

Since the length of the 500 m pipe was not large, the potential drop over the pipe

was very small, on the order of 10−3 ∼ 10−2 µV. The calculation of steel potential

was primarily useful for allowing calculation of the current flow in the pipe. The

steel potential was set to a value of zero at the 50 m position where the anode and
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pipe were connected. This represents the minimum value for steel potential. The

current coming from soil enters the pipeline and flows along the pipe from two

opposite directions to the wire connecting point on the pipe. Hence, the potentials

on either side of the connection position have higher values. A sharp change in

the slope of the potential is seen at the position of the coating defect.

The axial direction current distribution shown in Figure 5.6(e) reveals that the

current density at the two ends of pipe was set to zero values. The current density

changed sign at the bond location where the wire was connected to the pipe. A

significant step increase in current is observed at the coating defect due to the

contribution of the enhanced axial direction current density.

5.1.5 Validation with CP3D

The forward model used in the present work is a simplification as compared

with CP3D. There are some common features between the two models, such as

• The same governing equation, i.e., Laplace’s equation, was applied to the

three-dimensional cathodic protection pipeline system.

• The system geometry and position can be the same.

However, there are also some major differences between the two models:

• Coating conditions for the pipe were different. CP3D allowed modeling a

coating, that exposes bare steel; whereas, using the present model, defective

coating was modeled as a section of low coating resistivity.

• The boundary conditions for the pipe were different as the consequence

of the different coating conditions. CP3D applied a nonlinear polarization

curve, whereas the present work used linear boundary conditions.
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Figure 5-7: Potential of pipe calculated by using CP3D .

• More elements of higher order were used in CP3D . The present model ap-

plied linear cylindrical element to reduce the number of segments and com-

putational task.

• CP3D combined the BEM and FEM to solve the system. The current work

applied only the BEM to simplify the calculation.

To compare the results obtain from these two models, the same conditions, such as

soil resistivity, the dimensions of the pipe and anode system, the applied potential

and the defect-free coating resistivity, as those used in the example of section 5.1.3,

were applied to the CP3D .

The results are shown in Figures 5-7, which could be compared with the Figure

5.6(c). At the position of the defect, 250 m, the potential has a peak value. The peak

value in the two figures are both around−0.78V. At the other position on the pipe,

the curve tends to be horizontal. The value for the former figure is about −0.88V,

which for the latter one is about−0.82V. In addition, in Figure 5.6(c), the potentials

at the two ends of the pipe dropped a little. This phenomena is less pronounced

in Figure 5-7. Figure 5-8 and Figure 5.6(d) has similar tendency, that is, at the 50 m

position, where the wire connects the pipe and the anode, the potential of the pipe
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Figure 5-8: Potential of pipe steel calculated by using CP3D .

steel is zero. Moreover, at the 250 m position, which is the position of the coating

defect, the potential of the pipe steel has a slope change. The difference of these

two figures is that the potential value is around 6.0× 10−6V vs. CSE reference

electrode for the former, and it is around 1.6× 10−8V for the latter.

CP3D does not provide the current density of the pipe at the axial direction,

but it can be calculated from the data of the potential of the pipe steel and the pipe

resistivity. Figure 5-9 was obtained using this method. The current along the pipe

(see Figure 5-9 and Figure 5.6(e)) shows qualitatively the same behavior, which

gives support to the idea that the simplified model may be sufficient to identify

regions of defective coating.

The comparison between Figure 5-10 and Figure 5.5(c) shows that both the

curve shape and the order of value are approximately the same. However, the

figure from CP3D has smoother curve than that from current work at the two

ends of the anode. The reason is that CP3D used two half spheres as the end and

the profile of the anode is continuous. On the contrast, the circles are applied as

the two ends in present study. It clearly shows that, from all the comparisons
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Figure 5-9: Axial direction current density of pipe calculated by using CP3D .

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.008

0.010

0.012

0.014

 
 

C
ur

re
nt

 D
en

si
ty

 /A
m

-2

Position /m

Figure 5-10: Radial direction current density of anode calculated by using CP3D .
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above, the two models can describe the similar tendency. But the different coating

conditions and correspondingly different boundary conditions may result in the

value differences. In addition, the total current flows to the pipe in CP3D model

is about 0.056618Amps, while it is about 0.05489Amps in present model due to

the difference of coating defect. The defect set in CP3D is a section of bare pipe

steel. It needed more current to protect the pipeline than a section of low resistivity

coating. Moreover, the present model does not account the deposition of scales on

the pipe steel, which may reduce the current necessary for cathodic protection.

5.2 Inverse Model

5.2.1 Introduction

All the inverse models developed to date rely on a single type of data, i.e., po-

tential readings from soil surface surveys or from individual sensor electrodes. As

indicated by Wrobel and Miltiadou,45 for successful identification of coating de-

fects, potential readings should be in close proximity to the coating defects. Even

one meter of top cover may be sufficient to obscure the effects of localized under-

protected regions.35, 38 Thus, in some cases, a serious coating defect may lead to

insignificant changes in potential at the soil surface. The low sensitivity of poten-

tial measurements to coating failures can be mitigated by including other types of

data, for example, current densities in the pipeline metal. A schematic represen-

tation of the incorporation of potential survey and current data is given as Figure

5-11.

Masilela and Pereira describe the use of soil surface potential gradient sur-

veys to assess the condition of pipeline coatings.85 Fischer et al. discuss the diffi-

culties of obtaining IR-free measurements of soil potential.86 Gummow and Eng

describe use of four-electrode methods to measure currents in pipelines.87 Aerial

surveys with magnetometers can be used to assess the flow of current in pipelines.
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Figure 5-11: Schematic illustration of the coupling of a soil-surface-level potential
survey method to an aerial magnetometer current survey to assess the condition
of a buried pipeline.

Conversely, the presence of pipelines under cathodic protection confounds inter-

pretation of high-resolution aeromagnetic data.88 Campbell and Zimmerman de-

scribe the use of remote sensing of current in the Trans-Alaska Pipeline.89 Mur-

phy et al. coupled impedance spectroscopy with use of SQUID magnetometer for

remote sensing of current to assess localized corrosion rates on buried metallic

structures.90

To create the inverse model, the BEM code described in the previous section

was used as part of the objective function in a nonlinear regression algorithm.

The simulated annealing optimization approach was selected for the present work

according to chapter 4.

The inverse model acts to minimize the value of an objective function which

represents the difference between measured and calculated values. The parameter

set which results in the smallest value of the objective function can be assumed to

reflect the condition of the coated pipe. The inverse results are strongly dependent
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Figure 5-12: Synthetic pipe current and surface potential data corresponding to
Table 5.1. Dashed lines indicate the location of coating defects.

on the form of the objective function chosen.

5.2.2 Regression to Noise-Free Data

Preliminary regression results were obtained using synthetic data generated

with machine precision. The physical situation consisted of a single pipe con-

nected to a single anode, as presented schematically in Figure 4-1. The pipeline

was 100 m long. Three coating defects were assumed to exist on the pipe coating

with parameters presented in Table 5.1. The forward model was used to obtain syn-

thetic surface potential and current density data which were then used as the field

data for the inverse model. The synthetic data are shown in Figure 5-12. Dashed

lines indicate the location of coating defects. The presence of defects at 30 and

70 m positions can be inferred from subtle changes in the current and surface po-

tential distributions shown in Figure 5-12; however, it is difficult to discern the

defect located at 40 m.

The potential data set comprised 303 values corresponding to three lines of 101

points each located directly above the pipe segment and one meter to either side.

There were 99 current density data points. Regression was performed to homoge-
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neous data sets which comprised either the current or potential data. Regression

was also performed to heterogeneous data sets which included both current and

potential data.

Regression to Homogeneous Data Sets

An objective function, which describes the difference between the measured

potential and the calculated potential on the soil surface, or difference between

the measured current density along the pipe and the calculated current density

data, is given as

g(x, ρ, σ) =
Nc

∑
k=1

(
ik − ı̂k

)2 (5-18)

for current survey data and

g(x, ρ, σ) =
Np

∑
j=1

(
ψ j − ψ̂ j

)2
(5-19)

for potential survey data. The objective function value g is a function of the coating

defect parameter vectors x, ρ and σ, shown in equation (4-12). In equations (5-18)

and (5-19), ik and ψ j represent the measured current density along the pipeline and

soil surface potentials, and ı̂k and ψ̂ j represent the corresponding values obtained

by the mathematical model. The number of current density data points is given by

Nc, and the number of potential data points is given by Np. Both types of data are

influenced by the pipe coating condition; therefore the minimum of the objective

function is obtained when the coating parameter space reflects the condition of the

pipeline coating.

An exploration of the regression strategy is presented in Table 5.1 regression

using either equation (5-19) or (5-18) for homogeneous synthetic data without

added noise. The influence of initial guesses for the nonlinear regression was

minimized by assigning initial values of xk = 50 m, ρk = −3.5 × 107 Ωm, and

σk = 0.92 m for each defect.
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Table 5.1: Regression results using either equation (5-19) or (5-18) for homoge-
neous synthetic data without added noise or equation (5-20) for heterogeneous
synthetic data without added noise. The initial values for each defect was xk =
50 m, ρk = −3.5× 107 Ωm, and σk = 0.92 m.

Data Equation Coating Position Resistivity Dimension
Type Defect xk / m ρk / Ω m σk / m χ2/ν

Set Defect Values
1 30 −4.5× 107 0.316
2 40 −3.0× 106 0.548
3 70 −2.0× 107 0.447

Regression Result
Current (5-18) 1 29.91 −4.94× 107 0.217 6.7× 10−11

2 70.00 −1.95× 107 0.460
Potential (5-19) 1 30.02 −3.90× 107 0.999 9.7× 10−8

Potential (5-19) 1 30.03 −2.62× 107 2.37 1.2× 10−7

2 70.06 −3.04× 107 1.07
Potential (5-19) 1 29.95 −1.60× 107 2.10 8.0× 10−8

2 30.01 −2.66× 107 0.31
3 43.03 −0.17× 107 2.32

Both (5-20) 1 30.03 −3.12× 107 1.54 3.7× 10−8

2 70.00 −2.99× 107 0.012
Both (5-21) 1 29.98 −4.51× 107 0.30 3.0× 10−4

2 38.96 −0.14× 107 1.41
3 69.75 −0.50× 107 2.46
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Figure 5-13: The χ2/ν statistic corresponding to Table 5.1 as a function of the num-
ber of coating defects assumed in the regression.

The χ2/ν statistic is presented in Figure 5-13 as a function of the number of

coating defects assumed in the regression. The method proposed by Qiu and

Orazem91 for determination of the maximum number of defects revealed a clear

minimum at 2 coating defects when regression was made to current data alone.

One defect was located at the 30 m position and the other was at the 70 m po-

sition. Since the resistivity reduction of the set defect at the 40 m position was

relatively small, it was difficult to find this defect by regression.

The method for selecting the statistically significant coating defects yielded

more equivocal results when regression was made to surface potential data only.

No clear minimum could be found. When regression was made to a model with

one coating defect, the defect found was that at the 30 m position. A small im-

provement in the χ2/ν statistic was found by regressing to two coating defects.

The second coating discovered was located at the 43 m position, which was close

to the defect set at the 40 m position. The smallest value of the χ2/ν statistic was
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found for three coating defects, but the results, showing two defects located at the

same position, were not statistically significant. Use of the Akaike information cri-

teria82, 83, 84 did not yield a clearer definition of the maximum number of resolvable

parameters. The difficulty of obtaining the statistically significant number coating

defects for regression to potential data indicates that work is needed to establish

refined methods for evaluating the regression results.

Better inverse results were obtained by using current density data, even though

there were fewer current data than potential data.

Unweighted Regression to Heterogeneous Data Sets

In order to take advantages of the information from both the potential and the

current density data, an objective function was obtained as the summation of the

least square differences of the two sets of data, i.e.,

g(x, ρ, σ) =
Np

∑
j=1

(ψ j − ψ̂ j)2 +
Nc

∑
k=1

(ik − ı̂k)2 (5-20)

The inverse results of applying potential and current density data to equation (5-20)

are shown in Table 5.1. As shown in Figure 5-13, the χ2/ν statistic indicated that

two defects could be identified, and these were located near the 30 and 70 m posi-

tions. The results obtained using equation (5-20) are comparable to those obtained

using the current data alone. Use of equation (5-20) for regression to heteroge-

neous data did not improve the resolution of pipe coating condition.

Weighted Regression to Heterogeneous Data Sets

The regression strategy used for equation (5-20) failed because the magnitude

of the two types of data was vastly different. A weighting strategy was employed

in which the regression was scaled by the magnitude of the data, i.e.,

g(x, ρ, σ) =
Np

∑
j=1

(ψ j − ψ̂ j)2

ψ2
j

+
Nc

∑
k=1

(ik − ı̂k)2

ı2
k

(5-21)
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Figure 5-14: The χ2/ν statistic corresponding to regression of equation (5-21) (see
Table 5.1) as a function of the number of coating defects assumed in the regression.

Under the assumption that the weighting strategy should be based on the vari-

ance of the data,92, 93 use of equation (5-21) is consistent with the assumption of a

proportional error structure.

The χ2/ν statistic is presented in Figure 5-14 as a function of the number of

coating defects assumed in the regression. Each of the three coating defects could

be found. The defect 1 approximately has the same coating parameters as those

of the defect at the 30 m position. The position of defect 2 is close to the defect

at the 40 m position, and the relative error for the position is about 3 percent.

The defect 3 refers to the defect at the 70 m position. For the defects 2 and 3, the

coating resistivity reduction and the defect width differ from the set values due to

the correlation among defect parameters evident in equation (4-12).

The importance of weighting for regression strategies is particularly evident

for heterogeneous data sets. Proportional weighting is generally recommended

for synthetic data for which the uncertainty is governed by the accuracy of the
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calculation. For experimental data, a weighting strategy should be guided by the

perceived or measured variance of the experimental data.

5.2.3 Regression to Noisy Data

For the purpose of testing the robustness of the inverse model, noise was added

to the data set. Noise was added to the potential data according to

ψ = ψ+ σψ ∗ P(0,1) (5-22)

where P(0,1) represents a normally distributed random number with mean value

equal to zero and standard deviation equal to unity. The randomly generated

number was scaled by a standard deviation, which was assigned a value σψ =

0.4 mV. The noise in the current signal was assumed to be proportional to the

current such that

i = i ∗ (1 + αi ∗ P(0,1)) (5-23)

The value of αi was 0.02; thus, the noise level for the current measurement repre-

sented 2 percent of the measured value. The comparison between the base value

and the noise-added value for the potential data and the current density data is

shown in Figures 5.15(a) and 5.15(b), respectively. While the objective function (5-

21) was very well suited for regression to noise-free synthetic data, only the largest

coating defect at the 30 m position could be found when it was used to regress to

the synthetic data with added noise. The situation was not improved by replacing

the proportional weighting shown in equation (5-21) with weighting based on the

assumed error structure.

Weighted and Scaled Regression to Heterogeneous Data Sets

The reason for the poor results obtained by regression of equation (5-21) could

be related to the large number of potential measurements which are relatively in-
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Figure 5-15: Synthetic data with added noise. The line represents the noise-free
values and the symbols represent synthetic data with added noise. a) surface on-
potential value with σψ = 0.4 mV; b) axial current density value with proportional
noise corresponding to 2 percent of the value.
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Table 5.2: Regression results using equation (5-24) for heterogeneous synthetic
data with added noise. The initial values for each defect was xk = 50 m, ρk =
−3.5× 107 Ωm, and σk = 0.92 m.

Data Equation Coating Position Resistivity Dimension
Type Defect xk / m ρk / Ω m σk / m χ2/ν

Set Defect Values
1 30 −4.5× 107 0.316
2 40 −3.0× 106 0.548
3 70 −2.0× 107 0.447

Regression Result
Both (5-24) 1 30.1 −4.59× 107 0.50 3.02
Both (5-24) 1 30.1 −4.99× 107 0.31 2.71

2 69.4 −0.77× 107 1.27
Both (5-24) 1 38.8 −2.05× 107 0.88 10.8

2 46.4 −0.66× 107 2.07
3 46.8 −2.13× 107 1.50

sensitive to coating condition. A re-scaled objective function was proposed as

g(x, ρ, σ) =
1

Np

Np

∑
j=1

(ψ j − ψ̂ j)2

σ2
ψ

+
1

Nc

Nc

∑
k=1

(ik − ı̂k)2

(σi)2 (5-24)

where σ2
ψ and (σi)2 = (αiik)2 provide a weighting based on the error structure of the

data. Equation (5-24) provides an objection function in which the contributions of

potential and current data are scaled such that they provide equal weight to the

regression.

The regression results are shown in Table 5.2. The weighted χ2/ν statistic

reached a minimum value for two coating defects, indicating that two defects

could be identified. The scaled objective function (5-24) has the advantages that,

for each data type, the weighting strategy is based on the error structure of that

data and that it decreases the influence of superfluous input information.

Generalization of the Objective Function

The proper scaling of the objective function will be determined by the relative

sensitivity of a particular type of data to the coating condition. A form of equation
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(5-24) that is readily generalizable to multiple types of data can be expressed as

g(x, ρ, σ) =
M

∑
k=1

λkgk (5-25)

where gk is the objective function for a given type of field data scaled by the num-

ber of data, i.e.,

gk(x, ρ, σ) =
1

Nk

Nk

∑
j=1

(xk, j − x̂k, j)2

(σk, j)2 (5-26)

and λk is a scaling factor that accounts for the relative sensitivity of the data type

to coating condition. According to the error structure of the data, σ2
k, j can be a

value or equal to (αkxk, j)2. To facilitate interpretation of the χ2/ν statistic, it is

appropriate to constrain λk such that

M

∑
k=1

λk = 1 (5-27)

In equation (5-26), xk, j and x̂k, j represent the measured and calculated values re-

spectively for data type k, and σk, j represents the corresponding standard devia-

tion for the measured values. The data sets may comprise, among others, surface

on-potential, surface off-potential, current density data, or readings from buried

reference electrodes or coupons.

5.3 Conclusions

In this chapter, the potential of the pipe steel was assumed to vary along the

pipe. The current density of the pipe in axial direction was calculated in the for-

ward model without using the finite element method (FEM), which simplified the

calculation process.

In addition, as the current density data were available from the forward model,

there were two kinds of data sets, potential data and current density data, that

could be used as measured data for the inverse model.
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A strategy was developed that can be used to identify the maximum number

of coating defects that can be detected. This number is sensitive to the quality of

data as well as to the actual coating condition.

If the number of coating defects detected is smaller than the actual number of

coating defects, the technique will identify the most serious ones.

During the procedure to build the four objective functions, adding different

weight for each data point and including the number of the data points have been

proved effective to form the objective function.

The present work proves the feasibility of coupling a boundary element for-

ward model with a nonlinear regression algorithm to obtain pipe surface proper-

ties from pipeline survey data.



CHAPTER 6
APPLICATION OF OFF-POTENTIAL DATA TO THE INVERSE MODEL

In Chapter 4, the potential calculated in the forward model is the on-potential,

or the potential measured when the anode is connected to the pipeline. In this

chapter, the forward model is extended to calculate the potential on the soil sur-

face immediately after the anode is disconnected with the pipeline. This kind of

potential is called off-potential.

Three kinds of data sets, i.e., on-potential, off-potential and current density data

could be obtained from the forward model. They were then applied to the inverse

model to prove the validity of the general form of the objective function built in

Chapter 5.

6.1 Forward Model-Calculation of the Soil Surface Off-Potential

6.1.1 Physical Process

When the anode is disconnected with the pipe, no current will flow to the pipe.

Likewise no current will flow back to the anode through the wire. The poten-

tial measured on the soil surface at this moment is called the off-potential. The

technique is established on the principle that the IR component in the potential

measurement decays almost instantaneously, while the pipe-to-soil interface po-

larization decays relatively slowly. Thus the correct pipe-to-soil potential free of

the IR drop can be measured. There is no general standard to identify the time

required to measure the potential after switch off the protection current. The time

can range from 100 microseconds to seconds, or even days.13
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Figure 6-1: Switch off CP power source to determine instant off-potential.

6.1.2 Assumptions

According to Cox’s study,94 a sharp peak is observed in the pipe-to-soil poten-

tial as the potential is interrupted (Figure 6-1).

The spike lasts about 10 microseconds to 200 microseconds, then depolariza-

tion will take place. In present study, after the current is shut off, the condition

right after the development of the spike and just before the depolarization occur-

rence is studied. At that moment, the potential in the soil φ will not change since

the depolarization has not yet begun. However, the potential of the pipe steel V

will be redistributed to keep the potential uniform along the pipe, which makes

current flow along the pipe from region of high potential to region of low potential.

The result is that the potential of the pipe steel becomes zero along the pipeline.

Since the potential of the voltmeter reading ψ depends on the potentials φ and V

as ψ = V− φ, ψ will be changed after the sacrificial current is switched off.

6.1.3 Model Implementation

The system satisfies the Laplace’s equation. The pipeline is the only object of

the system. Applying the same techniques mentioned in Chapter 4, such as the
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BEM for half-infinity domain, and the self-equilibrium limitation, we can obtain −Gpp −1

−Ap 0


 n · ∇φp

φ∞

 =

 −Hpp

0

{ φp

}
(6-1)

The last equation in the above matrix form means that the current flowing away

from pipe, for example, at the coating defect position, will not be lost in the soil do-

main. The current will flow back to the pipe. Therefore, no current will be gained

or lost at the infinity boundary. Because φ will remain the same as that when the

anode is connected to the pipe, it is a known boundary condition in equation (6-1).

The unknowns are the current density of the pipeline and the potential at infinity.

6.1.4 Simulation Results and Analysis

The test example with 500m long pipe shown in Chapter 5 is solved to get

the off-potential on the soil surface. The comparison of the on-potential and off-

potential is shown in Figure 6-2, which agrees well with the expected trend (Figure

6-3).95 The on-potential is more negative than the off-potential. In addition, the

on-potential on the soil surface shows observable differences right above the pipe

and at certain distances away from the center line of the pipe (as Figure 4-10).

However, the variation for the off-potential on the soil surface surrounding the



107

48 48.25 48.50 48.75 49 49.25 49.50 49.75 50

-250

-500

-750

-1000

-1250

-1500

-1750

-2000

Distance, km

Po
te

nt
ia

l, 
m

V
"off" pipe to soil potential

"on" pipe to soil potential

-850 mV

Figure 6-3: Typical close-interval potential graph.

pipe area is small. Therefore, the number of the off-potential data can be reduced.

6.2 Inverse Model-Using Three Kinds of Heterogeneous Data Sets

The heterogeneous data sets, such as the soil surface on-potential, off-potential

and the current density in the axial direction along the pipe, was used in the inverse

model to test the effectiveness of the general form of objective function, equations

(5-25), (5-26) and (5-27). The testing process involved two different cases, i.e., the

data without added noise and data with added noise.

6.2.1 Data without Noise

Three sets of data without noise are applied to the general form of objective

function. Since the data were independent of the noise, the σk, j = xk, j. The re-

gression results obtained by setting the initial guess as one, two and three defects

with the same coating parameters are shown in Table 6.1. When there was only

one defect, the most serious defect at 30 m position was found. Assuming two

defects at the beginning, the two most serious defects were found. These are the

defects at the 30 m and the 70 m positions. All the three parameters for holiday

1 were close to the set values. When three defects were assumed, the positions
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Table 6.1: Regression results from the data without added noise obtained by us-
ing the general form of the objective function (5-25), (5-26) and (5-27). The initial
values for each defect was xk = 50 m, ρk = −3.5× 107 Ωm, and σk = 0.92 m.

Data Type Coating Position Resistivity Dimension
Defect xk / m ρk / Ω m σk / m χ2/ν

Set Defect Values
1 30 −4.5× 107 0.316
2 40 −3.0× 106 0.548
3 70 −2.0× 107 0.447

Regression Result
Three 1 30.0 −4.53× 107 0.09 4.35× 10−5

Three 1 30.0 −4.50× 107 0.34 2.24× 10−6

2 69.6 −4.04× 107 3.14
Three 1 30.0 −4.50× 107 0.316 2.23× 10−8

2 40.0 −1.06× 106 1.70
3 70.0 −1.66× 107 0.58

Three 1 30.0 −2.18× 107 0.24 5.97× 10−7

2 30.0 −2.31× 107 0.45
3 40.5 −3.63× 105 3.02
4 69.9 −8.06× 106 1.43

of all the three preset coating defects could be found. The two parameters, i.e.,

the resistivity reduction and the width, of defect 1 were approximately same as

those of set values. However, those parameters for defect 2 and defect 3 were dif-

ferent from set values, indicating further that the existence of the coupling effect

between the parameters as in equation (4-12). When four defects were assumed,

both defect 1 and 2 referred to the defect at 30 m position. The defects at 40 m and

70 m positions could also be found. The strategy used in chapter 5 was applied to

determined the appropriate number of defects. χ2/ν as a function of the number

of defects is shown in Figure 6-4. The appropriate number of defects is three in

the current example. Comparing the last two rows of Table 5.1 and Table 6.1, it

is found that the optimal number of detectable defects is two for the former case,

while it is three for the latter case. It can also be concluded that adding more data

sets, e.g., adding the off-potential data as input information, yielded regression re-
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sults that were closer to the set values. The general form of the objective function

is effective for data sets without added noise.

6.2.2 Data with Added Noise

The data sets with added noise were used to test the correctness of the equa-

tions (5-25), (5-26) and (5-27). The noise on-potential and current density data

were the same as shown in Figures 5.15(a) and 5.15(b). The noise with σψ = 0.2mV

standard deviation was added to the off-potential on the soil surface, as shown in

equation (5-22). The resulting soil surface off-potential were shown in Figure 6-5.

The three sets of noisy data were used as the measured data. Thus, σψon = 0.4mV

is for the on-potential data set, σψo f f = 0.2mV is for the off-potential data set and

σi = 2%ik is for the current density data set. All the initial guesses of the defect

parameters were the same as the previous case. If there was only one defect, the

largest coating defect at the 30 m position was found. Assuming two defects, the
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defects at the 30 m and the 40 m positions could be found. When three defects

were assumed initially, no defects could be found. The results are shown in Table

6.2. Figure 6-6 shows χ2/ν as a function of the number of defects. It indicates that

the appropriate number of defects for the current example is two. With the noise

data, it is difficult to compare the regression result Table 6.2 with Table 5.2. Ap-

parently, the problem becomes more difficult in estimating the effect of the noise

added off-potential data. The common observation is that only two defects can be

found in both cases. The most serious defect at the 30 m position can always be

found. But the result on other defects vary with the noise-added data, indicating

the disturbance of the noise. More refined off-potential data may be necessary to

the model. Since the off-potential data are free of IR drop, it will be more reliable to

assess pipe condition by using off-potential data if the present model can account

for the effect of deposits. Currently, this model can not simulate the influence of

scale deposits, but it will be a subject for future research.
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Table 6.2: Regression results from the noise-added data by using general form of
the objective function (5-25), (5-26) and (5-27). The initial values for each defect
was xk = 50 m, ρk = −3.5× 107 Ωm, and σk = 0.92 m.

Data Type Coating Position Resistivity Dimension
Defect xk / m ρk / Ω m σk / m χ2/ν

Set Defect Values
1 30 −4.5× 107 0.316
2 40 −3.0× 106 0.548
3 70 −2.0× 107 0.447

Regression Result
Three 1 30.2 −4.36× 107 0.67 2.94
Three 1 30.1 −4.50× 107 0.46 2.77

2 42.8 −3.47× 107 0.29
Three 1 49.8 −3.57× 107 1.20 7.81

2 50.0 −3.56× 107 0.92
3 53.1 −3.46× 107 0.10
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Figure 6-6: Decide the number of defects using noise-added on and off-potential
and current density data.
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6.3 Conclusions

In this chapter, the effectiveness of the general form of the objective function

was studied by using three kinds of survey data. It is concluded that

1. Since the off-potential on soil surface does not vary much on the neighboring

soil surface area right above the center line of pipe, few data points need to

be measured.

2. Comparing Figure 6-4 with Figure 6-6, it can be find that more coating de-

fects can be found by using noise free data than that with added noise. This

result agrees well with the findings from other research, i.e., the impedance

analysis.

3. With the general form of the objective function, the more kinds of data sets

applied, the more precise the regression results are for the noise free data

sets.

4. Since the off-potential data are free of IR drop, it will be more reliable to

assess pipe condition by using off-potential data if the present model can

account for the effect of deposits.



CHAPTER 7
SUMMARY AND FUTURE WORK

7.1 Summary

Pipeline corrosion costs the U.S. seven billions of dollars. Ninety percent of

the cost is the capital, operation and maintenance. To preserve the asset of the

pipeline and to ensure safe operations, regular pipeline inspections need to be

done to avoid possible failures. In addition, methods to analyze and interpret

pipeline survey data to maximize information becomes more important than ever.

In this study, a computer program, which can be used to extract the conditions

of the pipe taking into account a wide variety of field survey data, has been devel-

oped. The program consists of two parts, the forward model and the inverse model.

The integration of these two models makes the program effective. Besides, this

effort established a proof of concept which can motivate future developments.

The forward model was developed to address how the cathodic protection pipeline

system works. The resistivity of pipe coating was approximated by the parameters

of the coating defects. The linear boundary conditions were applied to simplify the

calculation. The boundary element method with cylindrical elements was devel-

oped to reduce the computation task. With the varying potentials on the pipe steel,

the on-potential on the soil surface and the current density of the pipe in the axial

direction could be obtained. When the anode is disconnected with the pipeline,

the off-potential on the soil surface could also be calculated.

The inverse model focused on construction of an effective objective function.

The scaled objective function possesses the advantages that the weighting strategy
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is based on the error structure of each type of data and that the influence of super-

fluous input information can be reduced. By minimizing the objection function,

the parameters to describe the coating conditions were estimated. Several kinds

of heterogeneous data sets, i.e., the on-potential, off-potential and the current den-

sity data, were applied to the objective function to provide as more information as

possible.

Since the forward model was applied frequently in the inverse calculation, it

needed to be precise and fast. The present study shows that the simplified version

of the forward model can couple well with the inverse model in interpreting the

pipeline survey data.

7.2 Future Work

Currently, the model was applied to the synthetic data generated for a section

of a coated underground pipeline which is electrically connected to a vertical sac-

rificial anode. For the next step, the synthetic data generated by the CP3D model

can be used as the pipeline survey data. Comparing the results of the coating

conditions obtained from this inverse model with the set condition for the CP3D

model, the robustness of the inverse model developed in present study will be fur-

ther verified.

In addition, an underground pipeline with multi-anode can be simulated by

the present model. Other applications for cylindrical shaped object, such as tank,

will be another direction to extend the model’s applications.

Eventually, a user friendly interface needs to be created for practical applica-

tions.
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APPENDIX A
BOUNDARY INTEGRAL

A.1 Integral along One Object

When the integral is calculated on one object, it is appropriate to use local co-

ordinate. The integral can be over cylindrical elements or circle elements.

A.1.1 Integral over Cylindrical Elements

There are two kinds of integral over cylindrical elements, depending on the

position of the collocation points.

When the collocation points are on the cylinder reference line, the local coordi-

nate of the collocation point P is (R,0, zP) and the integration point Q is (R cos θ,R sin θ, zQ).

|rPQ| = rPQ =
√

(R cos θ− R)2 + (R sin θ)2 + (zQ − zP)2 (A-1)

Substitute equation (A-1) into equation (4-43) to get Gi j

Gi j = l j(
R

4π
)
∫ 1

0
(

2

∑
k=1

q jkNk(t))dt
∫ 2π

0

1√
(R cos θ− R)2 + (R sin θ)2 + (z j − zi)2

dθ

(A-2)

Since n j = cos θ~i + sin θ~j at the cylindrical surface by Substituting equation (A-1)

into equation (4-44), Hi j becomes

Hi j = l j(
R

4π
)
∫ 1

0
(

2

∑
k=1

u jkNk(t))dt
∫ 2π

0

∂( 1
ri j

)

∂(eR)
dθ

= l j(
R

4π
)
∫ 1

0

∫ 2π

0

(−R)(1− cos θ)(∑2
k=1 u jkNk(t))dtdθ

[
√

2R2 − 2R2 cos θ+ (z j − zi)2]3
(A-3)

Where z j is a function of t. It can be described as

z j = lp + l jt (A-4)
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where lp represents the length before element j. lp is a constant if the element j is

fixed.

When the collocation points are on the center of the circles, which are the two

ends of cylinder, the local coordinates of P, Q points are (0,0, zP) and (R cos θ,R sin θ, zQ)

respectively.

|rPQ| = rPQ =
√

(R cos θ− 0)2 + (R sin θ− 0)2 + (zQ − zP)2

=
√

R2 + (zQ − zP)2 (A-5)

Substituting equation (A-5) into equation (4-43), Gi j becomes

Gi j = l j(
R

4π
)
∫ 1

0
(

2

∑
k=1

q jkNk(t))dt
∫ 2π

0

1√
R2 + (zJ − zI)2

dθ

= l j(
R

4π
)

2π√
R2 + (z j − zi)2

∫ 1

0
(

2

∑
k=1

q jkNk(t))dt

= [
l jR

2
√

R2 + (z j − zi)2
]
∫ 1

0
(

2

∑
k=1

q jkNk(t))dt (A-6)

And Substituting equation (A-5) into equation (4-44), Hi j becomes

Hi j = l j(
R

4π
)
∫ 1

0
(

2

∑
k=1

u jkNk(t))dt
∫ 2π

0

∂( 1√
R2+(z j−zi)2

)

∂(eR)
dθ

=
−l jR2

2(
√

R2 + (z j − zi)2)3

∫ 1

0
(

2

∑
k=1

u jkNk(t))dt (A-7)

A.1.2 Integral over Circle Elements

The collocation points can be on the cylinder side area or the center of circle

element as the integral is calculated over circle elements.

When the collocation points are on the cylinder side, P, Q are (R,0, zP) and

(r cos θ, r sin θ, zQ) in local coordinates. Here, r is distance from center of circle O1

or O2 to any point on the circle, as shown in Figure 4-8.

|rPQ| = rPQ =
√

(r cos θ− R)2 + (r sin θ)2 + (zQ − zP)2

=
√

R2 + r2 − 2Rr cos θ+ (zQ − zP)2 (A-8)
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Substituting equation (A-8) into equation (4-45), we get Gi j

Gi j = q j(
1

4π
)
∫ R

0

∫ 2π

0

rdrdθ√
R2 + r2 − 2Rr cos θ+ (z j − zi)2

(A-9)

At the circle surface n j =±ez, where +ez refers to the normal vector of the ending

circle surface, while−ez refers to the normal vector of the beginning circle surface.

Substituting equation (A-8) into equation (4-46), we get Hi j

Hi j = u j(
1

4π
)
∫ R

0

∫ 2π

0

∂( 1√
R2+r2−2Rr cos θ+(z j−zi)2

)

∂(±ez)
rdrdθ

= u j[
∓(z j − zi)

4π
]
∫ R

0

∫ 2π

0

rdrdθ
[
√

R2 + r2 − 2Rr cos θ+ (z j − zi)2]3
(A-10)

When the collocation points are the center of the circle elements, the local co-

ordinates of P, Q are (0,0, zP) and (r cos θ, r sin θ, zQ).

|rPQ| = rPQ =
√

(r cos θ)2 + (r sin θ)2 + (zQ − zP)2

=
√

r2 + (zQ − zP)2 (A-11)

Substituting equation (A-11) into equation (4-45), Gi j becomes

Gi j = q j(
1

4π
)
∫ R

0

∫ 2π

0

rdrdθ√
r2 + (z j − zi)2

(A-12)

Substituting equation (A-11) into equation (4-46), Hi j becomes

Hi j = u j(
1

4π
)
∫ R

0

∫ 2π

0

∂( 1√
r2+(z j−zi)2

)

∂(±ez)
rdrdθ

= uJ[
∓(z j − zi)

4π
]
∫ R

0

∫ 2π

0

rdrdθ
[
√

r2 + (z j − zi)2]3
(A-13)

A.2 Integral between Different Objects

Integral between an object and its mirror reflection with respect to the soil sur-

face and integral between pipe and anode all belong to the integral between dif-

ferent objects. In order to simplify the calculation, the coordinate transformation
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between two different local coordinates needs to be done. For example, to inte-

grate from collocation point P, which is not belong to object A, to any point on the

object A, P’s coordinate has to be changed to object A’s local coordinate (See Figure

A-1). Thus, P’s coordinate becomes (xA
P , yA

P , z
A
P ) in A’s coordinate. The equations

to obtain matrices G and H are induced below.

A.2.1 Integral over Cylindrical Elements

When the collocation points are on the cylinder side area, the coordinate of P

about object A’s local coordinate can be simply written as (x, y, zP). The integration

point Q is (R cos θ,R sin θ, zQ), which is on the surface of object A.

|rPQ| = rPQ =
√

(R cos θ− x)2 + (R sin θ− y)2 + (zQ − zP)2

=
√
−2R(x cos θ+ y sin θ) + [x2 + y2 + R2 + (zQ − zP)2] (A-14)



119

Substituting equation (A-14) into equation (4-43), Gi j becomes

Gi j = l j(
R

4π
)
∫ 1

0
(

2

∑
k=1

q jkNk(t))dt

·
∫ 2π

0

1√
−2R(x cos θ+ y sin θ) + [x2 + y2 + R2 + (z j − zi)2]

dθ

(A-15)

Equation (A-15) can be arranged as

Gi j = l j(
R
π

)
K(k)√

(
√

x2 + y2 + R)2 + (zJ − zI)2

∫ 1

0
(

2

∑
K=1

qJKNK(t))dt (A-16)

Where K(k) is the first kind of complete elliptic integral. For matrix H, substituting

equation (A-14) into equation (4-44), we get

Hi j = l j(
R

4π
)
∫ 1

0
(

2

∑
k=1

u jkNk(t))dt
∫ 2π

0

∂( 1
ri j

)

∂(eR)
dθ (A-17)

Equation (A-17) can be arranged as

Hi j =
l jR
π
{ [K(k)−Π(k)]

(−2R)
√

(
√

x2 + y2 + R)2 + (z j − zi)2

− Π(k)(
√

x2 + y2 + R)

[
√

(
√

x2 + y2 + R)2 + (z j − zi)2]3
}

∫ 1

0
(

2

∑
k=1

u jkNk(t))dt (A-18)

Where Π(k) is the third kind of complete elliptic integral.

A.2.2 Integral over Circle Elements

To integrate over circle elements, P’s coordinate with respect to object A is still

(x, y, zP). The coordinate of collocation point Q is (r cos θ, r sin θ, zQ).

|rPQ| = rPQ =
√

(r cos θ− x)2 + (r sin θ− y)2 + (zQ − zP)2

=
√

x2 + y2 + r2 − 2r(x cos θ+ y sin θ) + (zQ − zP)2 (A-19)

Substituting equation (A-19) into equation (4-45), Gi j becomes

Gi j = q j(
1

4π
)
∫ R

0

∫ 2π

0

rdrdθ√
x2 + y2 + r2 − 2r(x cos θ+ y sin θ) + (z j − zi)2

(A-20)
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Substituting equation (A-19) into equation (4-46), Hi j becomes

Hi j = u j(
1

4π
)
∫ R

0

∫ 2π

0

∂( 1√
x2+y2+r2−2r(x cos θ+y sin θ)+(z j−zi)2

)

∂(±ez)
rdrdθ

= u j[
∓(z j − zi)

4π
]
∫ R

0

∫ 2π

0

rdrdθ
[
√

x2 + y2 + r2 − 2r(x cos θ+ y sin θ) + (z j − zi)2]3

(A-21)



APPENDIX B
CODE STRUCTURE

The code in present work were created and compiled by using Visual C++ 6.0.

Object orientation programming method was used. The code structure for the

forward model and the inverse model are shown in Figure B-1 and B-2 respectively.

B.1 Code Structure of the Forward Model

B.2 Code Structure of the Inverse Model
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Start

Creat an object--pipeline

End

Creat an object--anode

Input geometry parameters
for pipe and anode

Input coating conditions,
applied potential and soil

resistivity

Calculate G and H matrices
for BEM

 Arrange matrices according
to boundary conditions

 Solve matrices by using
SVD methods

1

1

Get potentials of pipe and
pipe steel

Calculate the axial direction
of current density of pipe and
the potential on soil surface

Figure B-1: Code structure of the forward model.



123

Solve the forward model

Calculate the objective
function g

End

Use simulated annealing
algorithm to update

estimated parameters

if g is the minimum?

Yes

No

Start

Creat an object--pipeline

Creat an object--anode

Input geometry parameters
for pipe and anode

Input applied potential and
soil resistivity

Input initial guess for coating
conditions

2

Input synthetic measured
potential on soil surface data
and current density data, etc.

2

Figure B-2: Code structure of the inverse model.



APPENDIX C
INTERFACE

Currently, the interface was made for the forward model. Two kinds of win-

dows were created. One was for the inputting conditions, the other is for out-

putting results.

C.1 Input Windows

The properties of pipeline, anode and coating conditions are input through the

three windows, as shown in Figures C-1, C-2 and C-3.

C.2 Output Windows

In the output window, the figures of potential, coating resistivity, and current

density can all be shown by pressing the corresponding buttons. See Figure C-4
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Figure C-1: Window for pipe properties.

Figure C-2: Window for anode properties.
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Figure C-3: Window for coating properties.

Figure C-4: Window for figures.
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